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Abstract

The general climb model for creep threshold stress for dislocations interacting with incoherent particles is modified

for the case of coherent precipitates, by taking into account elastic interactions between matrix dislocations and par-

ticles due to particle/matrix stiffness and lattice mismatches. The model is in qualitative agreement with experimental

data for the Al–Sc system.
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1. Introduction

Creep threshold stresses observed in precipita-
tion- or dispersion-strengthened alloys are ex-
plained by mechanisms based on particle shearing,
bypass by climb, or detachment, the latter mech-
anism being operative only for incoherent particles
[1]. For the case of climb bypass, two climb pro-
cesses are possible [1]. The local climb model as-
sumes a sharp bend of the dislocation at the
particle–matrix interface [2]; since this bend is ex-
pected to relax by diffusion, the general climb
model considering an equilibrium dislocation
configuration was developed and predicts smaller
threshold stresses [3]. However, the effects of lat-

tice and stiffness mismatches between matrix and
particles are not considered in these models and
can be important in precipitation-strengthened
alloys with coherent particles. The present paper
expands the general climb model developed by
R€oosler and Arzt [3] to consider these effects ap-
plicable to coherent precipitates.

2. Model

We consider cylindrical particles of diameter
and height equal to 2r (Fig. 1), rather than the
cubic shape employed in the original general climb
model [3]. In this manner, the ramp angle, b, (de-
fined by the glide plane and the plane tangent to the
surface of the particle at the point where the
dislocation contacts the particle) is defined by
geometrical considerations rather than being arbi-
trarily chosen. The cylindrical shape is a reason-
able approximation of the spherical shape of the
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particles, which is too complex to be introduced in
the present model. By symmetry of the elastic for-
ces, only a positive edge dislocation is considered.
The glide plane of the dislocation intercepts the
particle at height h above its center; the height of
the dislocation segment, above its glide plane upon
climb over the particle is z0 and the unraveling
distance is x0 (Fig. 1). Interactions between indi-
vidual dislocations or between segments of a dis-
location are neglected. By symmetry, it is also
sufficient to consider a dislocation segment AD of
length k=2, where k ¼ r½

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3p=4f

p
� 1:64� is the

mean-square lattice particle spacing (with f the
volume fraction of particles) [4]. The segment AD
consists of a straight dislocation segment AB close
to the particle surface and a curved segment BD in
the matrix. The segment CD is entirely contained in
the glide plane, whereas the segments AB and BC
climb out of the glide plane. Under the action of an
applied shear stress, s, the dislocation line BD in the
matrix lies on a cylinder of radius of curvature, R:

R ¼ Gb
2s

; ð1Þ

where G is the shear modulus and b is the Burgers
vector of the matrix. The segment AB is placed at
a standoff distance corresponding to the point
where the glide forces due to modulus mismatch
(F l

g ) and lattice mismatch (F e
g ) balance the force

due to the applied stress, given by:

sb
k
2
þ F l

g þ F e
g ¼ 0: ð2Þ

The standoff distance cannot be smaller than a
distance set arbitrarily to b=2.

The first effect considered is the elastic interac-
tion due to the modulus mismatch effect, arising
between the coherent particle and the segment AB
(interaction with the segment BD is neglected).
The elastic strain energy associated with a dislo-
cation is altered by the presence of particles with a
different shear modulus and the resulting interac-
tion energy depends on the modulus mismatch and
the size of the particle. In most precipitation-
strengthened alloys, the precipitate is stiffer than
the matrix, so the dislocation is repelled by the
particles. Because no simple exact solution exists
for spherical particles, the solution derived by
Dundurs [5] for an infinitely long cylindrical par-
ticle interacting with an straight edge dislocation is
used to describe the modulus mismatch effect. The
interaction energy E for a unit length of disloca-
tion is given by:

E ¼ Gb2

pðkm þ 1Þð1� b2Þ
ða
"

þ b2Þ

� log
y2 þ ðzþ hÞ2

y2 þ ðzþ hÞ2 � r2

 !
þ ½a þ b2 � 2ð1þ aÞb�

� r2y2

ðy2 þ ðzþ hÞ2Þ2
� 1

2
ð1þ aÞ

� 1

�
� b � ð1� aÞð1þ bÞ

1þ a � 2b

�
r2ðzþ hÞ2

ðy2 þ ðzþ hÞ2Þ2

#
;

ð3Þ

Fig. 1. Geometry of general climb model, showing an edge dislocation with segment CD in the glide plane and segment AC climbing

over a particle. This is the same geometry as in Ref. [3], except for the cylindrical shape of the particle.
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where y and zþ h give the dislocation position
with respect to the center of the particle, and the
parameters a and b are given by:

a ¼ Cðkm þ 1Þ � ðkp þ 1Þ
Cðkm þ 1Þ þ kp þ 1

; ð4aÞ

b ¼ Cðkm � 1Þ � ðkp � 1Þ
Cðkm þ 1Þ þ kp þ 1

: ð4bÞ

The modulus mismatch parameter is defined as
C ¼ Gm=Gp and the Poisson parameter is km=p ¼
3� 4mm=p, where m is the Poisson’s ratio, and the
subscripts m and p refer to the matrix and particle,
respectively. The glide and climb forces acting on
the dislocation are then obtained by differentiating
the energy expression (Eq. (3)):

F l
g ; F

l
c

h i
¼
�
� r

oE
oy

� �
;� r

oE
oz

� ��
: ð5Þ

The glide and climb forces are repulsive when
C < 1 and attractive when C > 1. A repulsive glide
force opposes the forward glide motion of the
dislocation during particle bypass, while a repul-
sive climb force can help or hinder the climb by-
pass, as discussed later.

The second source of elastic interaction origi-
nates from the constrained lattice parameter mis-
match e between the coherent particle and the
matrix, which creates a stress field around the par-
ticle interacting with the dislocation [4]. The glide
and climb forces acting on the dislocation segment
AB are obtained using the Peach–Koehler equa-
tion for the strain field around a spherical coherent
precipitate acting on an edge dislocation [4]:

F e
g ; F

e
c

h i
¼ 2Ger3b

3yz0
ðy2 þ z20Þ

5=2

r
2
; 2Ger3b

�2y2 þ z20
ðy2 þ z20Þ

5=2

r
2

" #
:

ð6Þ

As before, the elastic interaction between the
particle and the segment BD is ignored.

Following R€oosler and Arzt [3], the kinetics of
the climb process is determined by considering the
flux of vacancies required for the dislocation to
climb over the particle. The glide time between
particles is thus assumed to be negligible as com-

pared to the climb time tc for the dislocation to
climb over or under the particle, and the strain rate
_ee for creep deformation is then given by the Oro-
wan equation:

_ee ¼ qb
1

1� s=s	Or

k
tc
: ð7Þ

To account for the fact that some particles are
bypassed instantaneously by the Orowan looping
mechanism, the Orowan equation (Eq. (7)) con-
tains a correction factor ð1� s=s	OrÞ

�1
[6], where

s	Or is the effective Orowan stress given below. In
Eq. (7), the density of mobile dislocations, q, is
estimated from [7]:

q ¼ s
Gb

 �2
: ð8Þ

The dislocation climb bypass time is determined
assuming a vacancy mechanism as [3]:

tc ¼
Z

pDvr
kbTb

lABDðx0; z0Þj j
dAABD=dyj j

� ��1

dy; ð9Þ

where Dv is the self-diffusion coefficient, kb is the
Boltzmann constant and T is the absolute tem-
perature. The change in area below the dislocation
line, dAABD, is calculated using the geometry of the
climbing segment [3]. The sign of the chemical
potential and the change in area depends on the
direction of the dislocation movement: vacancies
are emitted or annihilated at the dislocation length
whether the dislocation movement is upwards or
downwards. The equilibrium shape of the dislo-
cation line (x0; z0) is found by setting the chemical
potential along the dislocation line to be constant.
When x0 ! ðk=2Þ � r, climb becomes restricted
and a new set of equations, which are derived as
above, must be considered, as explained in Ref. [3].
The chemical potential lABD along the dislocation
line is set constant, i.e., lABD ¼ lAB ¼ lBD. The
chemical potential at the particle interface corre-
sponds to the driving force for adding vacancies to
the dislocation segment [3]:

lAB ¼
Gb2

2
ol
oy

 �
BD

� F l
g þ F e

g

 �
� F l

c þ F e
c

� �
dz
dy

h i
1
av

dAAB
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;

ð10Þ
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where av � b2 is the cross sectional area of a va-
cancy. Following R€oosler and Arzt [3], the line
length increase, ol=oy, is calculated for a small
displacement dy, with the condition that the area,
ABD, under the unraveling segment BD remains
constant.

The model is implemented numerically, the in-
put being material constants, geometrical param-
eters and the normalized applied stress, s=s	Or. The
model output is the average dislocation velocity
k=tc where the climbing time, tc, is obtained
through Eq. (9). Forces, chemical potentials and
dislocation geometry are calculated at every in-
crement of the movement of the dislocation in the
glide plane, dy.

Fig. 2 shows the average dislocation velocity at
300 �C, calculated using the materials parameters
listed in Table 1 for an Al–0.3wt.%Sc alloy con-
sisting of an Al matrix containing coherent Al3Sc
precipitates 5.9 nm in radius. Fig. 2 illustrates the
different behavior of the dislocation depending on
whether the glide plane is above or below the
particle center (i.e., h > 0 and h < 0). For one half
of the particle (h > 0), the sum of the work done
by the elastic forces is positive, so that the dislo-
cation is helped in its climb bypass motion. Once it

reaches the top of the particle, the dislocation
glides away from the particle, since the net glide
force is positive (when C < 1, as for Al–Sc alloys),
so that the threshold stress is negligibly small. For
the other half of the particle (h < 0), the total work
done by the elastic forces is negative, so the dis-
location is repelled from the particle interface and
bypass can occur only when the applied stress is
larger than a threshold value. An average curve is
then obtained by taking an average on the stress at
constant velocity over several heights h in incre-
ment of r=16 for the particle half with non-zero
threshold stresses (h < 0 in Fig. 2). However, the
average velocity of a dislocation is twice that cal-
culated above, because half the particles are in-
tersected on average on their attractive half side
(h > 0) and bypassed immediately. The average
distance between repulsive obstacles then becomes
2k, so the Orowan stress used to normalize the
experimental and calculated creep data is:

s	Or ¼
Gb
2k

: ð11Þ

The asymmetry of the climb force due to lattice
mismatch is responsible for the presence of a
threshold stress. The modulus mismatch alone
would not lead to significant threshold stress, be-
cause of the climb force that always helps the
dislocation climb movement.

Finally, we note that the main effect of the
elastic interactions is to modify the chemical po-
tential of vacancies at the climbing section of the
dislocation, so that both threshold stress and climb

Fig. 2. Calculated average dislocation velocity k=tc at 300 �C as

a function of normalized applied stress s=s	Or at different glide

plane heights, h, for an Al–0.3wt.%Sc alloy with 5.9 nm radius

precipitates. Parameters used in the model are listed in Table 1.

Table 1

Constants used in the calculations of strain rates for Al–

0.3wt.%Sc at 300 �C

Values References

Gm (GPa) 21.1 [14]

Gp (GPa) 63.0 [15]

mm 0.34 [15]

mp 0.2 [15]

b (nm) 0.286 [14]

f 0.0075 [10]

e �0.0064 [16]

Dv (m2/s) 2:6� 10�17 [17]
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velocity are altered. This model predicts true
threshold stresses for the dislocations, because the
climb process cannot occur when the chemical
potential for vacancies becomes positive. In that
case, thermal activation, as used to modify de-
tachment threshold stress for dislocations at the
departure side of incoherent particles [9], does not
come into play.

3. Experimental procedures

An Al–0.3wt.%Sc alloy was cast in graphite
molds, homogenized at 648 �C for 24 h, water-
quenched to room-temperature and aged at 300 �C
for 5 h. This aging treatment was followed by
further aging at 400 �C for 3 and 10 h [10]. This
resulted in a coarse-grained matrix containing a
homogeneous distribution of coherent, spheroidal
Al3Sc precipitates with a mean radius of 1:4 0:2,
5:9 0:4 and 9:6 0:9 nm, respectively, as mea-
sured by image analysis of micrographs obtained
by transmission electron microscopy [11]. Tensile
creep testing was performed at 300 �C in air with
an extensometer measuring tensile strain rate, _ee,
under a uniaxial tensile stress r, as reported in
more detail in Ref. [12].

4. Results and discussion

Under creep conditions at 300 �C, the Al–
0.3wt.%Sc alloys exhibit threshold stress behavior,
as shown by the very high and variable apparent
stress exponents in Fig. 3. The threshold stress, as
found by plotting _ee1=n vs. r, increases monotoni-
cally from 0:04r	

Or to 0:57r	
Or for the three pre-

cipitate radii of 1.4, 5.9 and 9.6 nm, where
r	
Or ¼ Ms	Or, with M ¼ 3:06 the mean matrix ori-

entation factor for aluminum [8]. In contrast, as
shown in Fig. 3, the original general climb model
predictions without elastic interactions (calculated
as described above by setting e ¼ 0 and C ¼ 1 and
using a cylindrical particle) predicts threshold
stresses of about 0:02r	

Or, independent of the pre-
cipitate radius. This threshold stress is slightly
lower than the value 0:06r	

Or, predicted by R€oosler
and Arzt [3] for cubic particles. Models for inco-

herent particles also give rise to a particle size
dependence of the threshold stress [13]. However,
these models based on attractive interactions at the
departure side do not apply to the present case. As
illustrated in Fig. 3 for precipitate radii of 1.4, 5.9
and 9.6 nm, a small effect of particle size on strain
rate is visible at stresses higher than the threshold
value, because the concentration of vacancies re-
quires for climb increases with increasing particle
size. In contrast, taking into account the elastic
interactions between the dislocations and the
particles associated with the elastic modulus and
lattice parameter mismatches (e ¼ �0:0064 and
C ¼ 0:33, Table 1), the present, modified model
predicts vastly different creep curves for different
particles sizes (Fig. 3). The general trend of the
creep data (i.e., increasing threshold stress with
increasing precipitate radius) is successfully cap-
tured. Furthermore, the general shape of the
stress-strain rate curves is reasonably well repro-
duced, considering the many assumptions in the
model and the errors associated with the creep
measurements and the values of the materials pa-
rameters. In particular, the strain rate in Eq. (7) is
sensitive to the value of the dislocation density

Fig. 3. Steady-state strain rate at 300 �C versus normalized

applied stress r=r	
Or for an Al–0.3wt.%Sc alloy containing co-

herent precipitates of various radii r. Filled and empty symbols

are for measured and calculated data.
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given by Eq. (8), which has been shown to be a
poor approximation in dispersion-strengthened
metals [3]. The calculated curves in Fig. 3 can thus
be translated by many orders of magnitude along
the y-axis, and their shape is more important than
the exact value of the creep rate predicted. A major
assumption is the trajectory of the climbing
dislocation, taken as a circle. More thorough cal-
culations would be required to take into account
the forces acting on the dislocation and to deter-
mine the real trajectory by minimizing the dislo-
cation energy. Another large source of error is the
average stress calculated from the climb rates for
various plane heights (Fig. 2). Finally, the alloy
strength is likely overestimated by the choice of the
mean square lattice spacing for the interparticle
distance, k, because of the random distribution of
precipitates. Despite these qualifications, the pre-
sent model provides a plausible explanation for the
very high threshold stresses measured in Al–
0.3wt.%Sc alloys [10] and also reported in Al–
0.2wt.%Sc in an earlier publication [12].

At high strain rates where the Orowan mecha-
nism is operational, the alloy with the smallest
particles is expected to have the highest creep re-
sistance. On the other hand, the present model
shows that at low strain rates where climb-bypass
is active, large precipitate sizes are beneficial,
provided that coherency is maintained. For an
alloy where precipitates remain coherent to large
radii, an optimum precipitate size should thus exist
at intermediate radii, since the threshold stress is a
trade-off between the Orowan stress (decreasing
with precipitate size) and the repulsion due to
modulus and lattice mismatches (increasing with
precipitate size).
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