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Abstract

We examine the e�ect of 10 vol.% TiB whisker reinforcement on transformation super-
plasticity of Ti±6Al±4V, induced by thermal cycling about the a/b phase transformation range
of the matrix under a uniaxial tensile stress. During superplastic deformation, the whiskers

gradually align along the external loading axis, as measured by electron back-scattering dif-
fraction of deformed specimens. The composites exhibit a gradual decrease in e�ective defor-
mation rate during superplastic elongation. This e�ect is attributed to increased load transfer

from matrix to whisker upon whisker alignment, and is explained with elastic calculations of
stress partitioning. # 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The addition of reinforcing ceramic particulates to titanium or titanium alloys
results in metal matrix composites with improved strength, sti�ness and abrasion
resistance (Lederich et al., 1994; Ranganath, 1997). Titanium monoboride (TiB) is
attractive because of its high hardness and sti�ness, its low density and its chemical
stability with titanium-based matrices (Saito et al., 1995). Furthermore, during
powder-metallurgy processing, TiB reinforcement can be synthesized in situ within
the titanium alloy matrix by the dissolution of TiB2 particles and subsequent re-
precipitation of TiB, an orthorhombic phase with whisker morphology (Saito et al.,
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1994, 1995; Saito, 1995; Funami et al., 1997). Similar microstructures can also be
developed by rapid solidi®cation processing of boron-containing titanium alloys
(Fan et al., 1994; Lederich et al., 1994; Ranganath, 1997; Gorsse et al., 1998)
Since the addition of TiB reinforcement to titanium alloys reduces ductility and

toughness (Abkowitz et al., 1993a; Lederich et al., 1994), traditional room-tem-
perature forming techniques such as rolling, drawing, bending, stamping and
machining are limited. High temperature processes such as forging are also much
more di�cult than for the unreinforced titanium alloy, while microstructural super-
plasticity, which relies on grain boundary sliding, can be ruled out due to the matrix
grain size and non-equiaxed reinforcement and grain morphology.
Alternatively, polymorphic materials can be superplastically deformed by ther-

mally cycling about their phase transformation range under the action of an exter-
nally-applied stress, independently of their grain size [for a recent review see Dunand
(1997)]. Internal transformation-mismatch stresses are biased by the external stress,
and for uniaxial deformation the strain increment �� produced on a complete ther-
mal cycle is proportional to the applied stress �. Repeated thermal cycling allows for
the accumulation of superplastic strains (>100% in tension). This e�ect has been
the subject of several recent theoretical investigations (Leblond, 1989; Leblond et al.,
1989; Cherakaoui et al., 1998), and experimental studies of transformation super-
plasticity have demonstrated the e�ect for titanium (Greenwood and Johnson, 1965;
Chaix and Lasalmonie, 1981; Takayama et al., 1985; Dunand and Bedell, 1996), Ti±
6Al±4V (Sato et al., 1994; Schuh et al., 1999), and composites of these materials
containing equiaxed TiC particles in which the matrix transformation is used to
drive deformation (Dunand and Bedell, 1996; Dunand and Myojin, 1997; Schuh et
al., 1999). However, no report exists on transformation superplasticity of whisker-
reinforced composites. An additional issue with these composites is the alignment of
the reinforcement in the matrix, which can often lead to strength and sti�ness
enhancements in the direction of alignment. Whisker alignment is typically accom-
plished by extrusion (Wu, 1979; Farkash and Brandon, 1994), or, as for polymer-
matrix composites, by application of shear forces to a suspension (Folgar and
Tucker, 1984).
In the present article, we report transformation superplasticity of Ti±6Al±4V

reinforced with 10 vol.% TiB whiskers by con®rming the linear relationship between
superplastic strain increment and applied stress, and by demonstrating tensile engi-
neering strains in excess of 100%. We further examine TiB whisker alignment during
uniaxial superplastic elongation of the composites. Finally, since the biasing stress
on the matrix is a�ected by such whisker alignment, the deformation properties are
directly correlated to the degree of alignment, an e�ect which is modeled by considering
elastic load transfer between the superplastic matrix and the aligning whiskers.

2. Experimental

Specimens of Ti±6Al±4V reinforced with 10 vol.% TiB whiskers as well as
unreinforced Ti±6Al±4V were supplied by Dynamet Technology (Burlington, MA),
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manufactured by their CHIP process (Abkowitz and Weihrauch, 1989; Abkowitz et
al., 1993ab), which consists of elemental powder blending, cold isostatic pressing,
vacuum sintering, and containerless hot-isostatic pressing (HIPing). Titanium
monoboride whiskers are produced in-situ by the addition of 5 vol.% titanium
diboride powders during the blending stage, which subsequently dissolve and re-
precipitate as TiB whiskers during the sintering and HIPing stages (Lederich et al.,
1994; Funami et al., 1997; Yamamoto et al., 1997). Cylindrical creep specimens
with gauge length 20 mm and diameter 5 mm were machined from the processed
billets.
Transformation superplasticity experiments were conducted in a custom-built test

frame described elsewhere (Zwigl and Dunand, 1998) under a puri®ed argon atmo-
sphere. Rapid radiant heating with closed-loop control was employed to produce 8-
minute triangular cycles between 840 and 1030�C. The controlling type-K thermo-
couple was positioned at the specimen gauge surface, and a second thermocouple
was positioned at the specimen head. One specimen each of Ti±6Al±4V and Ti±6Al±
4V/TiB was used to determine the stress dependence of the cycling strain increments
��, measured with an LVDT at the cold end of the load train. Stable values of ��
were typically reached after about 6±8 cycles, after which the external stress was
increased. A second composite specimen was deformed to 100% engineering strain
with �=2.5 MPa before being tested in uniaxial tension at room temperature.
Finally, a series of three composite specimens were deformed with �=2.5 MPa to
respective engineering strains of 20.1 and 46.8%, and failure at 260% for analysis of
microstructural evolution during superplastic deformation. For comparison, an
unreinforced specimen of Ti±6Al±4V was also deformed to failure with �=2.5 MPa.
In each experiment, constant true stress was maintained to within 7% by manual
adjustment of the applied load, assuming constant volume of the gauge section. The
density of the as-received material was determined by the Archimedes method in
distilled water.
Metallographic preparation consisted of grinding on SiC papers and polishing

with diamond paste of 30, 6, 1, and 0.05 microns, followed by immersion etching in
Kroll's reagent. Texture data of both the matrix and reinforcing whiskers of Ti±6Al±
4V/TiB specimens were obtained from electron back-scattering di�raction (EBSD)
patterns obtained in a ®eld emission scanning electron microscope at TexSEM, Inc.
(Draper, UT). The accelerating voltage and specimen current were 20 kV and 1.0
nA, respectively, and about 20,000 patterns were acquired over an area of approxi-
mately 80,000 mm2 for each sample analyzed. Between 148 and 495 individual TiB
whiskers were identi®ed on a given specimen.

3. Results

3.1. As-received materials

Photomicrographs of the composite material in the as-received condition are
shown in Fig. 1(a) and (b). The unetched micrograph [Fig. 1(a)] reveals a fairly
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uniform distribution of randomly-oriented TiB whiskers with length of about 25±60
mm and aspect ratio of about 15±25. The homogeneity of the reinforcement dis-
tribution is re¯ective of the in-situ dissolution/reprecipitation which occurred during
sintering, in which di�usion and allotropic transformation produced chemical and
microstructural homogeneity on a ®ne scale. Etching [Fig. 1(b)] exposed a matrix
grain structure with an average grain diameter of 15±20 mm, smaller than in the
unreinforced Ti±6Al±4V alloy, for which a matrix of large b grains (�150±250 mm
diameter) and superimposed a-laths (�75±150 mm long) was observed. This type of
microstructure is commonly observed upon slow cooling of Ti±6Al±4V from above
the b-transus (Anon., 1979). Because of the large and non-equiaxed microstructural
dimensions of both of these materials, microstructural superplasticity by grain
boundary sliding is not expected. Finally, both unreinforced Ti±6Al±4V and the Ti±
6Al±4V/TiB composite were found to be fully dense (99.8% theoretical for both
materials) in the as-received condition.

3.2. Transformation superplasticity of Ti±6Al±4V and Ti±6Al±4V/TiB

Fig. 2 shows for both materials the true strain increment, ��, accumulated after
each thermal cycle as a function of the uniaxial biasing stress �. The linear rela-
tionship between these parameters indicates that the materials experienced, on
average, Newtonian ¯ow, since the average strain rate is equal to �� divided by the
cycle time. Thus, a large resistance to plastic instabilities such as cavitation and
necking is expected. The superplastic slope, �"=�, of the composite is found to be
about 0.97 GPaÿ1, less than one-third of that for Ti±6Al±4V, 3.11 GPaÿ1. We note
that the data for the composite in Fig. 2 was acquired at total engineering strains
below 15%, minimizing any e�ects of whisker reorientation as discussed in the fol-
lowing sections. For each material, the crossed data point in Fig. 2 represents a
specimen separate from that of the other data points, with variations arising due to
di�erent experimental sources of error, including small di�erences in specimen
composition, thermal conditions, etc.

Fig. 1. Photomicrographs of as-received Ti±6Al±4V/TiB material (a) unetched and (b) etched in Kroll's

reagent.
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A photograph of the composite specimen deformed to failure with true stress
�=2.5 MPa is shown in Fig. 3, with an engineering failure strain of 260% after 635
cycles. This can be compared with the unreinforced Ti±6Al±4V, which achieved a
failure strain of 398% after only 135 cycles under the same cycling and stress con-
ditions.
Fig. 4 shows the strain-increment history of the two specimens deformed to failure

with �=2.5 MPa. In order to eliminate the e�ects of small stress variations (less
than about 7% with respect to the target value of 2.5 MPa) due to load and speci-
men cross-section changes during the experiment, each strain increment is normal-
ized by the instantaneous true applied stress to obtain the value of �"=� for each
cycle, which is expected to be constant (Fig. 2). For ease of comparison, the cycle
number, N, is normalized by the total number of cycles to failure, Nt. A few erratic
data points associated with manual adjustments of the applied load (necessary to
maintain a constant true stress) have been removed in Fig. 4. Fig. 4(a) shows that
the strain increment of Ti±6Al±4V was approximately constant for most of its
deformation history, followed by a period of rapid increase associated with necking
and/or cavitation prior to failure. From the beginning of the test until the onset of

Fig. 2. Strain increment �� accumulated on each thermal cycle as a function of the uniaxial tensile stress

� for the Ti±6Al±4V/TiB composite and for unreinforced Ti±6Al±4V. Crossed data points are from

separate specimens which correspond to the data in Fig. 4.
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the ®nal strain increment rise (similar to a creep tertiary stage), the maximum var-
iation in the strain increment is about 8%. In contrast, the TiB-reinforced composite
[Fig. 4(b)] experienced a signi®cant reduction of the superplastic strain increment
over the course of the experiment, about 40% from the initial value of about 1.1
GPaÿ1. Because of this steady decrease, a true steady-state in the superplastic strain
increment was not achieved. Furthermore, a smaller fraction of the composite life-
time was spent in the tertiary deformation stage.

Fig. 4. Stress-normalized strain increment (��/�) history of specimens deformed to failure: (a) unrein-

forced Ti±6Al±4V and (b) Ti±6Al±4V/TiB composite. N/Nt is the lifetime fraction of each specimen.

Fig. 3. Photograph of deformed composite specimen with engineering failure strain of 260% after 135

thermal cycles. Undeformed geometry and failed Ti±6Al±4V specimen are shown for comparison.
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3.3. Evolution of microstructure during superplastic deformation

The optical micrograph in Fig. 5 shows a longitudinal section of the Ti±6Al±4V/
TiB composite deformed to failure at 260% engineering strain. Comparing with Fig.
1, the alignment of the TiB whiskers along the tensile axis (horizontal in Fig. 5) after
deformation is noteworthy.
EBSD was used to identify the crystallographic orientation of the orthorhombic

TiB phase in each of the four specimens deformed to engineering strains of 0 (Fig.
1), 20.1, 46.8, and 260% (Fig. 5). Upon precipitation of TiB from the Ti-rich matrix
during the sintering and HIPing stages of composite manufacture, growth of TiB
occurs preferentially along the orthorhombic [010] direction (Hyman et al., 1989; Li
et al., 1993), resulting in the formation of whiskers with their longitudinal axes par-
allel to TiB-[010]. Thus, a standard texture analysis of TiB on a composite cross-
section of known orientation allows for the identi®cation of the whisker orientation
with respect to macroscopic specimen dimensions.
We de®ne the axial angle, �, as the angle between the longitudinal dimension of

the whisker (i.e. the TiB orthorhombic [010] direction) and the tensile axis. Then the
angular orientation distribution, P���, is a probability density distribution subject to
the normalization condition:��=2

0

P����d� � 1 �1�

as well as two symmetry conditions:

P �� �� � � P��� �2a�

Fig. 5. Optical micrograph of the composite deformed to failure with �=2.5 MPa. Tensile axis is

horizontal.
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P�ÿ�� � P��� �2b�

The probability of a randomly selected whisker exhibiting axial angle between �
and �� �� is the integral of P��� with respect to � over the given interval. From the
EBSD results, the axial angle of each whisker was measured with an accuracy
determined primarily by the sectioning procedure. We conservatively estimate this
error as less than 5� based on visual observations after the sectioning procedure.
Because EBSD determines texture on a surface, and not through the volume, a
simple correction as described in the Appendix allows for calculation of the true
distribution P��� representative of the entire specimen volume.
The distribution P��� determined from the experimental EBSD data with the

correction discussed in the Appendix is shown in Fig. 6 for an as-received specimen
as well as those deformed to engineering strains of 20.1, 46.8, and 260% (failure),
corresponding to 0, 100, 200, and 625 thermal cycles, respectively. The tendency for
whisker alignment with deformation is striking, with a pronounced TiB texture
appearing after only 20.1% engineering strain. The expected shape of P��� for a
truly three-dimensionally random distribution of whiskers is discussed in the

Fig. 6. Probability density distributions for TiB whisker axial angles, �, determined from electron back-

scattering di�raction data. Distributions are shown for four specimens deformed to various engineering

strains � during N thermal cycles under 2.5 MPa applied tensile stress. The expected distribution for a

three-dimensionally random array of whiskers (see the Appendix) is also shown.
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Appendix, and shown for comparison in Fig. 6. The good agreement between this
distribution and that of the TiB in the as-received composite indicates that the
powder metallurgy production route results in a nearly random distribution of
whiskers. Local ¯uctuations in some of the distributions in Fig. 6 may be due to the
small sampling size, and could perhaps be removed by sampling over a larger num-
ber of whiskers.
During uniaxial deformation, only the whisker axial angle � is a�ected by the

matrix ¯ow, while the random distribution of azimuthal whisker angles is unchan-
ged. EBSD data identifying the TiB-[100], and [111] directions indeed con®rmed that
the distribution of whisker azimuthal angles showed no texture before or after
deformation. Therefore, the microstructure remained transversely isotropic during
all stages of the deformation. Finally, limited texture data of matrix a-grains was
also acquired by the EBSD method, revealing no pronounced matrix texture either
before or after deformation.

3.4. Room-temperature tensile properties of the superplastically deformed composite

Tabulated in Table 1 are the room-temperature 0.2% proof stress, ultimate tensile
stress, and failure strain for two Ti±6Al±4V/TiB specimens tested in the as-received
condition and after 100% engineering strain. A characteristically low tensile ducti-
lity of 0.3% was found for the former material (Saito et al., 1995). Despite the zero
elongation to failure and the corresponding lack of a true proof or yield stress, the
superplastically deformed specimen exhibited a small but signi®cant increase in
ultimate tensile strength of 11.2% compared with the as-received specimen.

4. Discussion

4.1. Stress dependence of transformation superplasticity

The stress dependence of �" shown for the Ti±6Al±4V/TiB composite in Fig. 2 is
in qualitative agreement with the linear relationship of the prevailing transformation
superplasticity model by Greenwood and Johnson (1965), who predicted for a pure
allotropic material:

�" � 4

3
� 5�n
4�n� 1

��V

V
� �
�0

�3�

for the case where transformation mismatch strain �V=V is accommodated by creep
of the weakest phase with power-law stress exponent n, where the average internal
stress generated during the transformation is �0 and the applied stress is small.
Upon the ®rst demonstration of transformation superplasticity for a dis-

continuously-reinforced metal-matrix composite, Dunand and Bedell (1996)
observed a marked increase in the superplastic slope �"=� for unalloyed titanium
reinforced with 10 vol.% equiaxed TiC particulate (Ti/10 vol.% TiC) as compared
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to the unreinforced matrix. The present results display the opposite e�ect upon
addition of discontinuous TiB whiskers to the alloy Ti±6Al±4V, a trend which is
consistent with previous studies on other Ti±6Al±4V composites reinforced with 10
vol.% equiaxed TiC particulate rather than TiB whisker reinforcement. First, data
of Zwigl and Dunand (unpublished work) for transformation superplasticity of Ti±
6Al±4V and Ti±6Al±4V/10 vol.% TiC do not show the enhancement e�ect observed
by Dunand and Bedell (1996). Second, Schuh et al. (1999) have recently studied the
same twomaterials; their results on unreinforced Ti±6Al±4V are those shown in Fig. 2,
and the superplastic slope they found for the Ti±6Al±4V/TiC composite was about
1.0 GPaÿ1, the same value we ®nd for Ti±6Al±4V/TiB with whisker reinforcement of
the same fraction (Fig. 2). The quantitative match between the superplastic stress
dependence of the TiC- and TiB-reinforced Ti±6Al±4V materials between these two
studies is likely coincidental. Finally, a study of Ti±6Al±4V and Ti±6Al±4V/10
vol.% TiC under thermal cycling and biaxial bulging pressure was performed by
Dunand and Myojin (1997), who observed signi®cantly lower equivalent strains in
the composite compared to the unreinforced alloy, despite identical deformation
conditions and times. They attributed their result to a lower primary creep con-
tribution to deformation for the composite, but the possibility of a lower steady-
state contribution cannot be ruled out. In summary, all three of the existing studies
of transformation superplasticity on alloyed Ti±6Al±4V and Ti±6Al±4V/10 vol.%
TiC failed to reproduce the original enhancement observed by Dunand and Bedell
(1996) for composites of commercial purity titanium, in agreement with the present
result for Ti±6Al±4V/TiB composites.
A detailed examination of the cause of the decrease in superplastic slope upon

reinforcement addition for alloyed Ti±6Al±4V is beyond the scope of the present
article, and will be discussed in more detail in subsequent publications. However, an
e�ect which is speci®c to the present TiB-composites is that load transfer to the
whiskers may result in decreased matrix stresses, reducing the e�ective biasing stress
on the transforming matrix and thereby decreasing �"=�. We will examine this issue
of load transfer in more detail in a later section.

4.2. Whisker alignment during deformation

4.2.1. E�ect of matrix ¯ow on alignment
The alignment of discontinuous ®bers has previously been observed experimen-

tally in Al/SiC metal-matrix composites subjected to superplastic elongational ¯ows

Table 1

Room temperature tensile properties of Ti±6Al±4V/TiB in the as-received (�=0%) and superplastically-

deformed (�=100%) state, including 0.2% proof stress, �0.2%, ultimate tensile strength, UTS, and elon-

gation to failure, �f

E (%) s0.2% (MPa) UTS (MPa) Ef (%)

0 804 856 0.3

100 5958 958 0
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induced by thermal expansion mismatch (Gonzalez-Doncel et al., 1989; Gonzalez-
Doncel and Sherby, 1996). Whisker rotation has been modeled for conditions of
extrusion, pure shear, and elongational ¯ow, for both dilute and concentrated sus-
pensions (Je�ery, 1923; Wu, 1979; Folgar and Tucker, 1984). The orientation of TiB
observed in Figs. 5 and 6 is thus expected from both experimental and theoretical
considerations. In all of the above cases, the reorientation of individual whiskers is
due only to matrix ¯ow. In our case, because of the very low solubility of B in the
matrix (Anon., 1992), we expect that stress-directed di�usion plays only a small role
in the reorientation of TiB (Fig. 6), which we attribute to superplastic ¯ow of the
matrix.

4.2.2. E�ect of whisker alignment on superplastic deformation
During the course of superplastic deformation, the unreinforced Ti±6Al±4V alloy

experienced only small relative variations in the strain increment �" prior to the
onset of failure [Fig. 4(a)]. Therefore, the considerable relative decrease in �"=�
observed for the TiB-reinforced alloy [Fig. 4(b)] is likely an e�ect stemming from the
presence of the reinforcing phase, and not from other microstructural changes, such
as grain growth. We propose that this decrease and lack of steady-state deformation
of the composite is associated with the evolution of the whisker orientation dis-
tribution, P���, as shown in Fig. 6. This hypothesis is examined in more detail
below.

4.2.2.1. Elastic load transfer. The addition of whisker reinforcement to a metallic
matrix deforming by a time-dependent mechanism such as creep or superplasticity
often results in a decrease in deformation rate due to load sharing and ¯ow con-
straints from the presence of reinforcement. A recent review of experimental and
theoretical work on time-dependent deformation of such composites is given by
Dunand and Derby (1993). Most theoretical models deal with the somewhat sim-
pli®ed cases of short ®bers aligned in the ¯ow direction (e.g. Kelly and Street, 1972)
or continuous ®bers (e.g. Yancey and Pindera, 1990; Chun and Daniel, 1997). In the
present work, we are interested in the e�ect of the whisker axial angle distribution
on the superplastic strain increment (i.e. average strain rate during cycling), for
which there is presently no suitable model.
A rigorous description of creeping whisker-reinforced composites is beyond the

scope of the present article. We instead examine the simpler case of elastic load
transfer from the matrix to the reinforcing whiskers, and consider the e�ects of such
load-sharing on the stress experienced by a matrix containing volume fraction f of
reinforcing whiskers with axial angle distribution P���. The goal of this simpli®ed
approach is to justify the proposed correlation between the observed gradual whis-
ker alignment [Fig. 6] and the decreasing superplastic strain increments observed for
Ti±6Al±4V/TiB in Fig. 4(b).
During steady-state creep of discontinuously-reinforced composites, stress is par-

titioned between matrix and reinforcement according to the relative elastic moduli
of the components (i.e. load transfer due to elastic strain mismatch) as well as the
creep behavior of the matrix (i.e. load transfer due to plastic strain mismatch). The
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use of elastic calculations to estimate the stress partitioning between phases there-
fore neglects plastic strain mismatch, which includes two signi®cant e�ects (Clyne
and Withers, 1993). First, plastic deformation of the matrix around an elastic par-
ticle increases strain mismatch between the phases, resulting in increased load
transfer from matrix to whisker. Second, at high homologous temperatures, mis-
match strains can be relaxed by stress driven (i.e. mismatch driven) di�usion or
other relaxation processes. Neglecting the former e�ect results in overestimation of
the stress borne by the matrix, while neglecting the latter e�ect has the opposite
result. For a composite with large aspect-ratio reinforcement at high temperatures,
di�usional relaxation can be expected to relieve some of the plastic strain
mismatch Ð however, in general, both elastic and plastic strain mismatch still con-
tribute to load transfer from matrix to reinforcement. The determination of the
elastic contribution to load transfer therefore provides a lower bound on the whisker
stress, or an upper bound on the matrix stress. For cases where relaxation processes
are slow compared to the plastic deformation, more load is transferred to the whis-
kers, and elastic calculations quickly become inadequate. For the deformation of
Ti±6Al±4V/TiB composites in the b-®eld of Ti±6Al±4V, the matrix self-di�usion is
very rapid (Frost and Ashby, 1982), so we anticipate signi®cant relaxation of plastic
strain mismatch and therefore a signi®cant contribution to load transfer from elastic
strain mismatch. Examination of superplastically deformed composites (Fig. 5)
shows no evidence of whisker fracture or of interfacial debonding, despite the
extremely large plastic deformation of the matrix. This observation con®rms that
plastic strain mismatch is substantially relaxed during transformation super-
plasticity.
In the present case, where the matrix is deforming plastically while the reinforcing

phase is elastic, load transfer from matrix to reinforcement a�ects creep through the
reduction of the matrix stress. For unreinforced metals and alloys, the uniaxial creep
rate, "

:
1, is governed by the three average principal stresses �i�i � 1ÿ3� according to

a generalized creep equation (Finnie and Heller, 1959):

"
:
1 � A��n0ÿ1eq � �1 ÿ 1

2 �2 � �3� �� � �4�

where A is a constant, �eq is the von Mises equivalent stress, and n0 is the creep stress
exponent. As the above generalized creep equation applies for many materials and
deformation mechanisms, it can be adapted to transformation superplasticity by (i)
replacing the average strain rate "

:
1 with the superplastic strain increment �"1, and

(ii) introducing the stress exponent n0 � 1, since �" is proportional to � [Eq. (3)].
For axisymmetric microstructure and specimen geometry we take �2 � �3. Finally,
upon the addition of an elastic reinforcing phase, we describe the plastic deforma-
tion as being governed by the average matrix stresses, < �M

i >. This assumption
alone is inadequate to describe the deformation, as constraint of matrix ¯ow by the
reinforcement further reduces the deformation rate. Use of < �M

i > to describe the
deformation thus requires the introduction of a geometric `attenuation factor' which
describes the fraction of the composite which ¯ows under the average matrix stress.

328 C. Schuh, D.C. Dunand / International Journal of Plasticity 17 (2001) 317±340



For our purposes, we take this factor to be independent of P��� and combine it with
the existing constants in Eq. (4) to form a new constant, C. Then Eq. (4) becomes:

�"1 � C� �M
1


 �ÿ �M
2


 �ÿ � �5�

Predicting the e�ects of load transfer on deformation thus requires determining
both the axial and transverse stresses in the matrix. We proceed by considering
elastic load transfer to a whisker inclined at axial angle �, summing the stress in each
®ber given by the distribution P���, and ®nally extending to the case of a composite
by the enforcement of mechanical equilibrium. The whiskers are taken as load-
bearing only along their major axis, and elastic load transfer is calculated using the
shear-lag model (Cox, 1952; Nardone and Prewo, 1986; Clyne, 1989; Clyne and
Withers, 1993). Throughout the following sections superscripts of M, W, and C will
correspond to the matrix, whisker(s), and composite, respectively.
We consider a unit cell as shown in Fig. 7, containing a single cylindrical whisker

with axial angle � with respect to the applied tensile stress. The coordinate system of
the cell is di�erentiated from the global coordinate system with double-subscript
notation, and the tensile axes for both systems are identical, �C

1 � �C
11. In addition, a

coordinate system aligned with the whisker axis is denoted by a prime.

Fig. 7. Geometry of the ideal unit cell considered in the elastic load transfer calculations, with principal

coordinate systems for the cell (11- and 22-axes) and aligned with the whisker at axial angle � (110- and
220-axes). The 33- and 330-axes are coincident and normal to the page, and the global 1-axis is coincident

with the local 11-axis.
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Elastic load transfer from matrix to whisker with aspect ratio s is described by the
shear-lag model, which gives the average axial stress in a single whisker, �0W11 , as a
function of applied tensile strain along the whisker axis:

�0W11 � EW �"0C11 �� �6�

where E is the Young's modulus, "0C11 is the elastic strain of the unit cell in the 110-
direction, and the constant � is given by:

� � 1ÿ tanh�m�s�
m�s �7�

with

m � 2�EM

EW ��1� �M��ln�1=f�
� �1

2

�8�

and the Poisson's ratio �.
For elastic loading, we use Hooke's law for the unit cell, which in the coordinate

system aligned with the whisker is written:

"0C11 �
�0C11
E0C11
ÿ �0C21 �

�0C22
E0C22

�9�

where the parameter �ij is Poisson's ratio corresponding to strains in the j direction
upon application of stress in the i direction. The stresses in the 33- or 330-direction
are exactly zero, as there is neither applied stress nor load sharing in that direction.
Following the initial assumption that the whisker only carries load along its major
axis, we take E0C22 � EM. Furthermore, the Young's modulus of the composite along
the direction of the whisker, E0C11, is given by the shear lag model and the application
of mechanical equilibrium to the unit cell (Clyne and Withers, 1993):

E0C11 � �1ÿ f��EM � f���EW �10�

The Poisson's ratio �0C21 is more di�cult to assign, but given that the elastic con-
tractions in the 110 direction are governed primarily by the deformation of the
whisker, we take �0C21 � �W for cases where the whisker is much sti�er than the
matrix. We note that the sensitivity of the results of these calculations to physically
reasonable changes in �0C21 is small.
For the case of a uniaxial stress �C

11 applied in the 11-direction, the average stresses
�0C11 and �0C22 are related to the applied tensile stress by a rotational transformation
about the 33-axis through the angle � (Nye, 1985):
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�0C11 � �C
11 �

1

2
��1� cos�2��� � �C

11 �cos2� �11a�

�0C22 � �C
11 �

1

2
��1ÿ cos�2��� � �C

11 �sin2� �11b�

The rotation from principal axes to those aligned with the whisker results in shear
components, e.g. �0C12, which for the purposes of this analysis are neglected, and the
load transfer from matrix to whisker is considered governed only by �0C11 according
to the shear lag model [Eq. (6)]. Introduction of Eqs. (9) and (11) into Eq. (6) then
gives the stress borne by the whisker:

�0W11 � EW ����C
11 �

cos2�

E0C11
ÿ �W �sin

2�

EM

� �
�12�

This result is very similar in form to that presented by Klipfel et al. (1990) for axial
stresses in an ellipsoid as determined by the Eshelby inclusion method. If appro-
priate materials parameters, such as those for the Ti±6Al±4V/TiB system are selec-
ted, Eq. (12) numerically matches Eq. (8) of Klipfel et al. (1990) almost exactly.
Additionally, a similar approach to that described above is taken by Hong and
coworkers (Hong and Chung, 1995, 1996; Ryu and Hong, 1999). However, these
authors make di�erent assumptions regarding the stress state in the whisker, and
transform the global stress tensor to the axis of the whisker by a simple vector
decomposition, producing sin � or cos � terms, rather than the sin2� and cos2�
terms that appear in Eq. (12) due to tensor rotation.
The average axial whisker stress can also be described in the coordinate system

aligned with the cell, rather than that aligned with the whisker, by means of a second
rotation operation. It should be noted, however, that the principle axes of the
whisker are di�erent than those of the unit cell, so the appropriate transformation
is:

�W
11 � �0W11 �cos2� � EW ����C

11 �
cos4�

E0C11
ÿ �W �sin

2�2��
4�EM

� �
�13a�

�W
22 � �0W11 �sin2� � EW ����C

11 �
sin2�2��
4�E0C11

ÿ �W �sin
4�

EM

� �
�13b�

The extension from the simple case of a single cell to a composite consisting of
many adjacent unit cells requires a method of tessellation which provides realistic
boundary conditions on each cell. This is a complex problem commonly encoun-
tered in ®nite-element modeling of discontinuously-reinforced composites (Christ-
man et al., 1989). In our case, di�ering whisker alignments in neighboring cells leads
to aperiodic and unpredictable boundary conditions. However, in the dilute limit
( f ! 0), each cell can be treated independently of its neighbors, i.e. each cell is
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subjected only to the externally-applied stress ®eld. Furthermore, ®nite element cal-
culations by Christman et al. (1989) on elastic±plastic deformation of rigid aligned-
whisker-containing composites have shown that the use of periodic or traction-free
boundary conditions on such unit cells yields similar global deformation behavior in
the elastic regime. We then proceed by assuming that the system is su�ciently dilute
that the e�ects of boundary conditions between neighboring cells are small, and
extend the simple case of a unit cell in tension to a composite consisting of many
cells by the enforcement of mechanical equilibrium:

�M
1


 � � �1ÿ f�ÿ1 � �C
1 ÿ f� �W

11


 �� 	 �14a�

�M
3


 � � �M
2


 � � ÿ�1ÿ f�ÿ1 �f� �W
22


 � �14b�

where �W
ii


 �
is the average stress in all whiskers and �M

i


 �
is the average matrix stress.

By means of Eqs. (14), the average stress in each whisker in the local coordinate
system is related to the average stress carried by the matrix and the applied stress �C

1

in the global reference frame. Consistent with the condition of axisymmetry, Eq.
(14b) requires the equality of the two global transverse stresses.
Finally, the average stress in all whiskers is found by summing the stress of each

individual whisker in the distribution P���:

�W
ii


 � � ��=2
0

P�����W
ii �d� �15�

The average stress components in the matrix are now directly calculated by the use
of Eqs. (13) and (15) in Eqs. (14) and the introduction of appropriate materials
parameters. Given these average matrix stresses, the deformation rate is given by
Eq. (4), or, for transformation superplasticity of a transversely isotropic composite,
by Eq. (5). Although we presently apply these calculations to the case of transfor-
mation superplasticity, they could also be applied more reasonably to cases of
purely elastic loading, such as ®ber fracture during low-temperature deformation
(Klipfel et al., 1990), provided that the assumption of low volume fraction, as well as
the many assumptions involved in the shear lag model, are valid.

4.2.2.2. Load transfer in superplastically-deforming Ti±6Al±4V/TiB. In the following,
we apply the above equations to the case of superplasticity of Ti±6Al±4V/TiB com-
posites and determine the e�ect of the gradual whisker alignment on the superplastic
strain increment. The elastic constants and other parameters employed are shown in
Table 2. The lack of material property data of TiB in the literature has been noted
by other authors (Fan et al., 1994), and a common practice is the substitution of
properties for TiB2, which is the approach taken here as well. We note that this is a
source of error in the calculations, but also observe that the average matrix stresses
determined by Eqs. (14) are insensitive to small variations in EW and �W and thus we
anticipate only small e�ects due to the inaccuracy associated with this assumption.
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Eq. (15) is solved numerically for the four whisker angle distributions in Fig. 6,
allowing determination of the average matrix stresses [Eq. (14)] at four points in the
deformation history (Fig. 4). Although we have experimentally determined the
orientation distribution P���, predictions from existing models of whisker alignment
during matrix ¯ow (e.g. Folgar and Tucker, 1984) could alternatively be used as
input to Eq. (15).
The two average matrix stresses determined by Eqs. (14) are listed in Table 3

normalized by the applied stress �C
1 . As expected, < �M

1 > is positive and decreases
monotonically as the whiskers align and load transfer from matrix to whisker
increases. However, the transverse matrix stress, < �M

2 >, ®rst decreases and then
increases as the alignment progresses, due to an in¯ection in Eq. (13b). We also note
that for all of the distributions P��� in Fig. 6, transverse load sharing is small com-
pared to longitudinal load sharing. The negative values of < �M

2 > in Table 3 result
from positive values of < �W

2 >, which arise from an average state of axial tension
in the aligning whiskers (�0W11 positive).
The quantity �< �M

1 > ÿ < �M
2 >�=�C

1 , which governs the superplastic strain
increment per Eq. (5) is plotted as a function of N in Fig. 8, with the individual
points corresponding to the whisker orientation distributions in Fig. 6. We note that
the largest changes in matrix stress occur in the early stages of superplastic defor-
mation, corresponding to the considerable whisker alignment observed after only
46.8% engineering strain (Fig. 6). One anomaly resulting from the present simple
approach is the large matrix stress in the as-received case (N=0), with random

Table 2

Materials parameters employed in determination of the matrix/whisker load transfer for Ti±6Al±4V

(Anon., 1979) and TiB (Anon., 1987) at �900�C
Ti±6Al±4V TiB/TiB2

E (GPa) 37a 430

� 0.32 0.14

s 20

f 0.1

a Calculated using E=2(1+�)G, where G is shear modulus of b-Ti from Frost and Ashby (1982).

Table 3

Calculated average matrix stresses < �M
1 > normalized by the applied uniaxial tensile stress �1

C for the

four whisker orientation distributions in Fig. 6, and corresponding total engineering strain � and number

of cycles N

N � (%) < �M
1 > =�C

1 < �M
2 > =�C

1

0 0 1.023 0.004

100 20.1 0.820 ÿ0.025
200 46.8 0.714 ÿ0.034
635 260 0.636 ÿ0.024
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whisker distribution (Fig. 6), for which the majority of the whiskers lie at large
angles to the loading axis. Since we assumed that the whiskers cannot bear load
along their minor axes, and since shearing of the whiskers is neglected in the above
analysis, the full load borne by such whiskers is underestimated and the matrix stress
in¯ated. However, as the whiskers align and the average angle � decreases, the cal-
culations become more exact.
In Fig. 9(b) the strain increment �" is shown normalized by the deformation-

controlling matrix stress quantity, �< �M
1 > ÿ < �M

2 >), which has been interpolated
between the four data points in Fig. 8. The original superplastic data, normalized by
the true applied stress [Fig. 4(b)], are replotted in Fig. 9(a) for ease of comparison.
The two plots, Fig. 9(a) and (b), then, respectively represent the strain increment
history without and with elastic load transfer e�ects considered. The result of nor-
malization by the average matrix stresses, rather than the applied tensile stress, is
two-fold. First, the large gradual decrease in strain increment observed in Fig. 9(a) is
no longer present, replaced instead by a prolonged steady-state regime. Second, the
onset of tertiary deformation behavior occurs earlier, now accounting for almost a

Fig. 8. Deformation-controlling average stress term from Eq. (5) plotted vs. the number of thermal cycles

for the Ti±6Al±4V/TiB composite. Each point corresponds to a successively larger degree of orientation of

the reinforcing whiskers (Fig. 6). Solid trend-line is found by interpolation.
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third of the specimen lifetime. Indeed, these changes result in a strain increment
history which closely resembles that of the unreinforced Ti±6Al±4V material [Fig.
4(a)]. We conclude, therefore, that load transfer due to elastic strain mismatch
between matrix and whiskers, and the gradual alignment of the whiskers, can
explain the apparent strain-hardening observed during superplastic deformation for
the Ti±6Al±4V/TiB composites. The lack of �" dependence on N (for N=Nt < 0:7)
in Fig. 9(b) may be somewhat fortuitous, considering the simplicity of the calcula-
tions and the many assumptions made.
Finally, we note that these calculations of elastic load transfer cannot explain why

the superplastic strain increments in Fig. 9 are markedly below those exhibited by
the unreinforced matrix [Figs. 2 and 4(a)]. However, as already discussed, Ti±6Al±
4V/TiC composites containing equiaxed reinforcement display similar behavior,
despite expectations of considerably less load-sharing than for a whisker-reinforced
composite. We thus conclude that the e�ect of reinforcement on transformation
superplasticity of Ti±6Al±4V is due to more than simply elastic load-transfer e�ects.
Other important e�ects include the impact of reinforcement on the phase transfor-
mation kinetics and matrix strength, changes in reinforcement solubility during
thermal cycling, and additional load transfer e�ects due to plastic strain mismatch,
which has been neglected in the above analysis. Some discussion on these topics will
be presented in future publications.

Fig. 9. Strain-increment history of Ti±6Al±4V/TiB normalized (a) by the applied true stress, as in Fig. 4,

and (b) by the deformation-controlling matrix stresses as per Eq. (5). N/Nt is the specimen life-time frac-

tion.
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5. Conclusions

We have investigated the e�ects of 10 vol.% TiB whisker reinforcement on trans-
formation superplasticity of Ti±6Al±4V, with the following notable results:

. By thermal cycling about the a/b phase transformation range of the matrix, we
measured a superplastic tensile strain to failure of 260%. Combined with the
result that the strain increment developed on each thermal cycle is proportional
to the external tensile stress, this constitutes the ®rst observation of transfor-
mation superplasticity of a whisker-reinforced metal matrix composite.

. Uniaxial superplastic ¯ow resulted in gradual alignment of the whisker rein-
forcement, as commonly observed for shear ¯ow or extrusion of composites.
The degree of alignment was quanti®ed by electron back-scattering di�raction,
and is presented as an angular probability density distribution.

. Commensurate with gradual whisker alignment, a decrease in the superplastic
strain rate and a lack of steady-state deformation behavior were observed.
These e�ects can be justi®ed by calculations which indicate that elastic strain-
mismatch between matrix and whisker gradually increases during whisker
alignment, leading to increased load transfer from matrix to whiskers.

. Room temperature tensile properties of the composites are not compromised
by transformation superplastic straining. Instead, a small but signi®cant
increase in ultimate tensile strength was observed after superplastic deforma-
tion to 100% engineering strain.
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Appendix

The EBSD texture analysis method samples local crystallographic orientation on a
surface, not through the specimen volume, and therefore the probability of section-
ing through individual whiskers with various axial angles must be considered. This
problem is closely related to the so-called Bu�on Needle Problem, described in, e.g.
Russ (1986), where the probability of a dropped needle intersecting parallel grid
lines on a sheet of paper is considered. In our case, TiB whiskers are analogous to
the needles, and the cut surface used in EBSD analysis is analogous to a grid line in
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two-dimensional space. For sectioning of the composites, the spacing of the `grid
lines' is very large compared to the whisker length. Noting that the tensile specimens
were sectioned longitudinally, geometrical arguments show that the probability of a
long whisker with axial angle � intersecting the cut surface, p�int �j �, follows the
proportionality:

p�int �� / sin�
�� �A1�

To recover the distribution P��� which is representative of a volumetric sampling,
the experimentally-determined distribution of orientations on the cut surface are
normalized by the above relationship, and subsequently scaled to satisfy the dis-
tribution normalization condition [Eq. (1)].
In a true three-dimensionally random distribution of whiskers, the probability of

selecting a whisker with arbitrary axial and azimuthal angles in the ranges ��; ��
��� and ��; � � ���, respectively, is independent of those angles; each pair of angles is
equally likely to occur. Correspondingly, the probability of randomly selecting a
whisker exhibiting an axial angle in the range ��; �� ���, independent of the azi-
muthal angle �, is dependent upon � itself. The geometry of the problem is shown in
Fig. A1, and the probability p��� of a whisker exhibiting axial angle between � and
�� �� is proportional to the area of a spherical surface swept out by the range
�� ��. From simple geometry it can be shown that:

p��� / sin� �A2�

Fig. A1. Spherical geometry which describes all possible whisker orientations. For a three-dimensionally

random arrangement of whiskers, the probability of randomly selecting a whisker with axial angle in the

range [�, �+d�] is proportional to the area of the shaded annulus.
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A probability density can be obtained by normalization with the surface area of a
sphere, resulting in the same proportionality. Thus, for a truly three-dimensionally
random arrangement of whiskers the distribution of axial angles P��� is expected to
increase in a sinusoidal fashion from 0 at � � 0 to a maximum at � � �=2.
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