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Abstract Bone, because of its hierarchical composite struc-
ture, exhibits an excellent combination of stiffness and tough-
ness, which is due substantially to the structural order and
deformation at the smaller length scales. Here, we focus on
the mineralized collagen fibril, consisting of hydroxyapatite
plates with nanometric dimensions aligned within a protein
matrix, and emphasize the relationship between the struc-
ture and elastic properties of a mineralized collagen fibril.
We create two- and three-dimensional representative volume
elements to represent the structure of the fibril and evalu-
ate the importance of the parameters defining its structure
and properties of the constituent mineral and collagen phase.
Elastic stiffnesses are calculated by the finite element method
and compared with experimental data obtained by synchro-
tron X-ray diffraction. The computational results match the
experimental data well, and provide insight into the role of
the phases and morphology on the elastic deformation char-
acteristics. Also, the effects of water, imperfections in the
mineral phase and mineral content outside the mineralized
collagen fibril upon its elastic properties are discussed.
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1 Introduction

Bones are important natural materials. One fundamental
function of bone is mechanical—to provide a robust, light-
weight frame to support the body and movement. To fulfill
this essential function, bone has evolved a complex hierar-
chical structure with exceptional mechanical characteristics:
it combines the high stiffness of the mineral phase (mainly
hydroxyapatite) and the high toughness of the organic phase
(mainly collagen) (seen in Fig. 1) (Ashby 1993; Fratzl and
Weinkamer 2007; Oyen 2008). Bone and related biologi-
cal materials (i.e., dentin, enamel and antlers) are optimized
composites whose properties lie on or near the upper bound
of the possible composite properties given by the constituents
(Fig. 1). This remarkable characteristic is the consequence
of the complex hierarchical structure of bone.

Therefore, the varied structural architecture of bone at dif-
ferent length scales is intensively studied, and there are sev-
eral excellent reviews describing the hierarchical structure
of bone (Fratzl and Weinkamer 2007; Meyers et al. 2008;
Rho et al. 1998; Weiner and Wagner 1998). From macro-
scopic to microscopic level, the structure of bone can be
divided into five levels: (1) macrostructure level: cancel-
lous and cortical bone; (2) microstructure level (from 10 to
500 microns): osteons, Haversian systems and trabeculae; (3)
sub-microstructure level (from 1 to 10 microns): lamellae and
mineralized collagen fibers; (4) nanostructure level (from a
few hundred nanometers to 1 micron): mineralized collagen
fibrils; and (5) the sub-nanostructure level (below a few hun-
dred nanometers): molecular and atomic structure of major
components (Rho et al. 1998; Weiner and Wagner 1998).
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Fig. 1 Plot of toughness vs. stiffness for bone and related biological
materials which are mainly composed of collagen and hydroxyapatite.
The dotted lines are the upper and lower bounds of the possible compos-
ites using these two phases. All the biological materials in the picture
lie on or near the upper bound (calculated by using equations given
by Ashby 1993). Three reference materials (polyethylene, epoxy and
silicon carbide) are also shown (Fratzl and Weinkamer 2007)

At the higher levels, bone is adapted diversely with different
structures and functions. However, when bone is investigated
at the lower level, the structure of mineralized collagen fibril
is similar; therefore, mineralized collagen fibrils are consid-
ered as the basic building blocks of bone (Weiner and Wagner
1998).

The mineralized collagen fibril can be considered as a
nanocrystal-reinforced composite. The nanocrystals in the
mineralized collagen fibril are calcium-based mineral, a
defective form of hydroxyapatite (Dorozhkin and Epple
2002). The most important component of the matrix in the
composite is type-I collagen, which is composed of triple-
helical polypeptide chain molecules (Orgel et al. 2006). In
the matrix, in addition to type-I collagen, there are hundreds
of non-collagenous proteins (Delmas et al. 1984). However,
because of their small volume fraction (altogether <10% of
total organic components) and lack of evidence of direct rela-
tionship with mechanical properties, these secondary pro-
teins are typically ignored in deformation studies (Currey
2003). Another important component of bone is water, which
influences the properties of bone significantly: wet bone
(natural state) and dry bone have very different mechanical
responses (Nyman et al. 2006).

The mineralized collagen fibril has a cylindrical shape
with a diameter of about 200 nm (Parry and Craig 1984). It
is difficult to identify the exact length of mineralized colla-
gen fibrils because they tend to merge with neighboring ones
(Birk et al. 1991), but the measurement of rat-tail tendons
(unmineralized collagen fibril) indicated the length is always
longer than 10 µm (Craig et al. 1989). Within the mineral-
ized collagen fibril, it is well established that the mineral

Fig. 2 2-D sketch of the staggered pattern in mineralized collagen
fibril. a The unmineralized collagen matrix. The blue regions represent
collagen chain molecules. A periodicity of 67 nm along the axial direc-
tion is shown. Within one period, there is a gap region and an overlap
region of the collagen molecules (the white regions represent the space
between the collagen chain molecules, not drawn to scale). b The min-
eralized collagen fibril. The mineral phase (gray region) nucleates and
grows in the gap regions of collagen matrix at first and penetrates into
overlap regions in the later stages. The growing mineral phase occupies
the space of collagen phase and deforms the shape of collagen chain
molecules. c The mineralized collagen fibril drawn as two-phase com-
posite to scale (the gray region is mineral phase and the blue region
is collagen phase).The mineral plates in the mineralized collagen fibril
show a staggered pattern along the axial direction with the period of
67 nm with alternating gap and overlap regions. Two different RVEs
are shown on the right

phase is plate like in shape. The size of the mineral plates
varies among different kinds of bones, different animals and
even different measurement techniques, e.g., transmission
electron microscopy (TEM) and small-angle X-ray scattering
(SAXS) (Posner 1969). A wide range of mineral plate dimen-
sions has been reported in the literature: 15–150 nm in length,
10–80 nm in width and 2–7 nm in thickness, while the dis-
tance between the neighboring plates is on same the order as
the thickness (Rubin et al. 2003).

Experiments have shown that the mineral plates in the
collagen matrix are in a staggered pattern along the axial
direction of mineralized collagen fibril (Hassenkam et al.
2004). The staggered pattern was also proposed by Jäger and
Fratzl (2000), which was deduced from the mechanical prop-
erties of mineralized collagen fibril, as shown in Fig. 2. In
Fig. 2a, the collagen matrix shows a periodicity in the axial
direction, which is consistent with the peaks in SAXS pat-
terns (Hulmes 2002). The length of collagen chain molecule
is about 300 nm (Orgel et al. 2001), which is not an integer
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multiple of the period (D = 67 nm); therefore, gap regions
and overlap regions of unmineralized collagen matrix appear
alternately with an approximate ratio of 3:2 in the axial direc-
tion (Orgel et al. 2000). The detailed process of bone growth
is still hotly debated (Olszta et al. 2007). Some TEM studies
of embryonic bone show that the mineral nanocrystals nucle-
ate in the gap regions and initially grow within this region
(Landis et al. 1996). As the platelets grow, since they can
extend the sizes of hole zones (Landis et al. 1996; Rubin
et al. 2003), they may extend into the overlap regions, and,
therefore, deform the collagen chain molecules. Due to the
difference of the thickness of the mineral plates (2–7 nm)
and collagen chain molecules (1.5 nm) (Weiner and Wagner
1998), the mineral plates cannot grow in transversely adja-
cent collagen gap regions (horizontal direction in Fig. 2a)
and still avoid direct contact. Assuming the higher mineral-
ized state of mature bone has similar growth mechanism as
the early stage of embryonic bone, Fig. 2b shows a simpli-
fied 2-D structure model of the fully mineralized collagen
fibril. Because the gap regions of the unmineralized collagen
matrix are the growing centers of the mineral plates, they
become the overlap regions of mineral plates in the mineral-
ized collagen fibril, and the overlap regions of unmineralized
collagen matrix become the gap regions of mineralized col-
lagen fibril.

To show the structure more clearly, Fig. 2c is drawn to
scale showing the interfaces between mineral and collagen
phases. The mineral plates are staggered pattern with an
axial period of 67 nm. This staggered-patterned nanocrystal-
reinforced composite structure not only allows load transfer
from the weak collagen matrix to the neighboring hard rein-
forcement mineral plates, but also optimizes the mechanical
properties of the composite by utilizing the best properties of
each component: high stiffness of the mineral phase and the
high toughness of the collagen phase (Almer and Stock 2007;
Fratzl et al. 2004; Fratzl and Weinkamer 2007). In Fig. 2c, two
representative volume elements (RVEs) are highlighted, indi-
cated by dashed boxes. These two RVEs have the same axial
length (67 nm) but different distances between two neigh-
boring plates along the radial direction. (For simplicity, the
simulation work in this paper is based on only one RVE with
a variable distance between neighboring plates.)

While the staggered arrangement pattern of mineral plates
in the axial direction of the mineralized collagen fibril is
well established, the arrangement pattern of mineral plates
in the radial direction is still under debate. Originally, it was
believed that the mineral plates are almost parallel along not
only the axial direction, but also the other two directions
(Landis et al. 1996; Traub et al. 1989). However, recent evi-
dence shows that such a structure is only valid for a small
scale including only the nearest neighboring plates (Rubin
et al. 2003). At a larger scale such as the diameter of the min-
eralized collagen fibril, there is evidence that the collagen

molecules are assembled in a concentric pattern, as predicted
by molecular simulation (Hulmes et al. 1995) and verified
recently by experiment (Perumal et al. 2008). As the mineral
plates nucleate and grow in the gap region of the unmineral-
ized collagen matrix, the concentric arrangement of collagen
fibrils may support a circular arrangement of mineral plate-
lets, as proposed by Jäger and Fratzl (2000).

Because the mineralized collagen fibril is the basic build-
ing block of bone, research on the deformation mechanism
at this nanoscale level is very important to fundamentally
understand the excellent mechanical properties of bone. With
the structure information described above, it may seem that
the structure-mechanical function relationship can be easily
obtained: one can use a modeling technique to create com-
posite models representing the main structural characteristics
of the bone at the mineralized collagen fibril level and cal-
culate mechanical properties. However, there are two main
obstacles that impede the understanding of bone mechanical
response at this length scale. First, the complex 3-D struc-
ture of mineralized collagen fibril, especially the distribution
of the mineral plates within the mineralized collagen fibril,
makes it impossible to obtain an accurate analytical solu-
tion of the elastic properties of mineralized collagen fibril.
Several 2-D models have been performed, but their accu-
racy is limited due to the various approximations involved
(Gao et al. 2003; Gupta et al. 2006; Jäger and Fratzl 2000).
Second, it has been difficult to obtain accurate experimen-
tal deformation data at the mineralized collagen fibril level.
Thus, these early models could only compare their results
to the mechanical properties of bone at the macroscopic
level.

In this study, we expand upon previous models for the
elastic properties of the mineralized collagen fibril in three
aspects. First, we create a more detailed 3-D geometrical
model to represent the structure of the mineralized colla-
gen fibril. Second, although finite element method (FEM)
is widely used in the mechanical study of bone, most of its
usage is limited to the higher level of the hierarchical struc-
ture (Borah et al. 2001; Gong et al. 2007). Here, we apply
FEM to study the mineralized collagen fibril level to obtain
more accurate elastic properties of this smaller level struc-
ture. We also determine the stress distribution within the min-
eralized collagen fibril, which is not possible by using earlier
analytical approaches. Third, in recent years, synchrotron
X-ray measurements (particularly simultaneous wide-angle
X-ray scattering (WAXS) and SAXS quantification of inter-
nal strains) have been introduced to study bone (Almer and
Stock 2007; Gupta et al. 2005a). This experimental method
provides crucial information on the deformation of the dif-
ferent phases in the mineralized collagen fibril. We use these
new experimental data to verify our structural model at the
fibril level and discuss the importance of different parameters
in the model.
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2 Modeling background

A landmark model of the mineralized collagen fibril was pre-
sented by Jäger and Fratzl (2000). Here, we briefly review
their model first and then use it as a starting point to develop
an improved model incorporating more structural features of
the mineralized collagen fibril.

The Jäger-Fratzl model is based on a 2-D unit cell repre-
senting the mineralized collagen fibril, using periodic bound-
ary conditions, as shown in Fig. 3 (Jäger and Fratzl 2000).
This geometry is the same as the RVEs shown in Fig. 2c.
In Fig. 3, the unit cell is composed of the gray rectangu-
lar inclusions representing the mineral phase and the col-
ored continuous portions representing the collagen phase.
Using this unit cell and applying periodicity and symmetry,
the plate-shaped mineral reinforcement exists in a staggered

Fig. 3 Simple 2-D periodic model proposed by Jäger and Fratzl (2000)
to represent the structure of the mineralized collagen fibril. Rectangu-
lar gray inclusions are the mineral phase, while colored regions are the
collagen phase. The elastic behavior of the mineralized collagen fibril
was approximated by dividing the collagen phase into tensile regions
(region A and B) and shear regions (region C and D), while assuming
the mineral phase was rigid

pattern structure: the gap region and overlap region of the
mineral plates are assembled alternately. The Jäger-Fratzl
model for mechanical behavior is derived by approximat-
ing the deformation behavior of the unit cell into 4 distinct
regions: tensile regions (A and B) and shear regions (C and
D), each with differing contributions to deformation. The
elastic stress and strain values obtained from this model were
much better than the results from the simple rule-of-mixtures
calculation (Jäger and Fratzl 2000). However, the calculated
composite modulus was still substantially overestimated—
more than 200 times larger than the modulus of collagen
phase (Jäger and Fratzl 2000). The ratio between the modu-
lus of composite and the modulus of collagen phase should
be about 20 (Meyers et al. 2008; Weiner and Wagner 1998).
Following this original work, several other papers improved
and generalized the model, but all are still confined to a
2-D structure and approximate analytic solutions (Gao et al.
2003; Gupta et al. 2005a).

One of the reasons for this large overestimation in modulus
is the coarseness of the approximation—the mineral phase
was assumed to be rigid (zero deformation) and the modu-
lus of the collagen phase was taken as 50 MPa (taken from
Landis et al. 1995), which is much lower than the best avail-
able estimate value (about 1 GPa) (Meyers et al. 2008). The
unit cell was roughly divided into four deformation regimes
as mentioned above (Jäger and Fratzl 2000), assigning larger
tensile/shear deformation response to regions A/C, respec-
tively, with scaled deformations in B and D due to the con-
straints of the rigid mineral phase. A simple demonstration
of limitations of the assumptions of the Jäger-Fratzl analytic
approach can be made here: using exactly this 2-D unit cell
but with realistic stiffnesses of both phases, we perform a uni-
axial deformation by FEM. We present results for compres-
sive load instead of tensile load on the model for consistency
with our later comparisons to experimental data, but note that
under small elastic deformation conditions, the stress distri-
butions are very similar between tensile and compressive
loads. The results are shown in Fig. 4. From the figure, we
can see that the stress/strain distribution is far more complex
than the original assumption (Jäger and Fratzl 2000): nei-
ther the distribution of compressive stress/strain (analogous
to tensile) (Fig. 4a, c) nor that of shear stress/strain (Fig. 4b,
d) can be neatly partitioned and linearly added. Addition-
ally, a significant stress concentration in the collagen phase
near the mineral plate corner is clearly observed, which may
be critical for the properties of the composite, especially the
inelastic properties (Courtney 2000). Finally, the predicted
ratio between the modulus of composite and the modulus of
collagen phase from the new simulation is about 25, well
within reasonable range (Meyers et al. 2008; Weiner and
Wagner 1998). Note that the FEM analysis here lacks the
smooth corners observed in natural platelets in bone (Rubin
et al. 2003; Traub et al. 1989). However, the FEM results of
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Fig. 4 The stress/strain distribution of the mineralized collagen fibril
obtained by 2-D FEM: a compressive stress distribution (in the direction
of the applied stress); b shear stress distribution; c compressive strain
distribution (in the direction of the applied stress); d shear strain distri-
bution. The results are calculated by using exactly the same structure as
proposed by Jäger and Fratzl (2000) but with more correct properties of
individual phases (1 GPa for collagen phase and 130 GPa for mineral
phase) and compressive loads that are more typical instead of tensile
loads. The areas within the dashed boxes are magnified on the right side
for clarity to show the stress concentrations

the stress/strain distribution contour maps and overall mod-
ulus for the shapes are very similar, although the maximal
stress/strain values differ due to their different stress con-
centration effects.

Beyond the coarse analytic approximations, an additional
concern is the 2-D nature of existing models, which tend to
overpredict stiffness values compared to realistic 3-D geom-
etries (Shen et al. 2008). Therefore, in this paper, we consider
a FEM implementation of several 2-D and 3-D RVE models
for the mineralized collagen fibril to gain a better understand-
ing of the deformation characteristics of this material. In the
next section, our models are developed.

3 Model development

Due to the limitations of the analytical 2-D model approach
to predict mineralized collagen fibril properties, we consider
a numerical implementation of the 2-D model and also exten-
sions to a more realistic 3-D representation. The 2-D models
are based upon the RVE from Fig. 2c, as illustrated also in
Fig. 4. All RVEs are simulated using FEM, which allows
deeper understanding of the stress and strain distribution in
the phases as well as easy accommodation for changes in
geometry or phase properties.

3.1 3-D Geometric models

In our model, a mineralized collagen fibril is cylindrical with
a diameter about 200 nm and a length about 10 µm (Craig
et al. 1989; Parry and Craig 1984). In order to create an accu-
rate 3-D RVE, we first need to consider whether the periodic
boundary conditions apply. Using the above values, there are
approximately 150 periods axially (D = 67 nm ; Rho et al.
1998) and 12 periods radially (assuming the radial period
to include one plate thickness and one spacing between the
plates: 4 nm × 2 = 8 nm). Therefore, the periodic boundary
condition is acceptable in the axial direction (i.e., boundary
effects are negligible), but must be examined carefully in the
radial direction. As mentioned earlier, recent studies suggest
that the mineral plates may be more likely to be in a circu-
lar pattern in the cross-section of the mineralized collagen
fibril (Hulmes et al. 1995; Parry and Craig 1984). Therefore,
a 3-D cylindrical collagen matrix—mineral plate composite
model is created: in the axial direction, the mineral plates
are parallel and in a staggered pattern with a period of 67
nm; in the radial direction, the mineral plates are arranged in
a circular pattern with no plate in the central core to avoid
stress concentration effects.

The staggered 3-D model is shown in Fig. 5. In the pic-
ture, because of the staggered pattern, we identify two sets
of mineral plates. From the top section (Fig. 5b) and bottom
section (Fig. 5c), we can see the two different sets of min-
eral plates separately. At the central overlap region of the
mineral phase, all the mineral plates in the period appear, as
shown in Fig. 5d. We can see in a small scale, especially in
the outer part of the mineralized collagen fibril (the boxes in
Fig. 5d), the mineral plates are almost parallel, while they
are in a circular pattern in the full mineralized collagen fibril
(the whole picture of Fig. 5d). This distribution is consistent
with experimental observations on the mineralized tendons
and potential mineral nucleation locations of unmineralized
collagen fibrils (Perumal et al. 2008; Traub et al. 1989). How-
ever, as we will note in the discussion, this 3-D model is a
simplified mineralized collagen fibril model and serves as a
starting point of development of our approach.
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Fig. 5 Structure of the 3-D cylindrical mineralized collagen fibril FEM
model (mineral phases are shown in gray color). a Half-cut view of the
mineralized collagen fibril cut along the lateral direction, showing the
staggered pattern which can be divided into two sets of mineral plates;
b top section and c bottom section of the mineralized collagen fibril,
showing the different sets of mineral plates that are in the gap regions
of the mineral phase separately; d middle section of the mineralized
collagen fibril, showing the overlap region of the mineral phase. The
mineral plates in the mineralized collagen fibril form a circular pattern,
while at the smaller scale, they are almost parallel with the neighboring
ones. The mineral plates are distributed more densely in the outer part
of the mineralized collagen fibril

3.2 FEM implementation

In this paper,we consider both the two- and three-dimensional
RVEs of the mineralized collagen fibril in a FEM simulation
using the software ABAQUS. In the 2-D model, geometry
from Fig. 2c (and Fig. 4), a biased mesh is used to obtain finer
mesh at the corners to appropriately capture the stress con-
centration near the mineral plate corners. Both 2-D and 3-D
models are meshed using quadratic elements and solved via
the ABAQUS standard scheme. Sample meshes are shown
in Fig. 6. The boundary conditions of the composite assume
that the mineralized collagen fibril maintains its cylindrical
shape (or in 2-D case, rectangular shape) during elastic load-
ing, i.e., constant displacement in the axial direction along
the top surface and bottom surface due to the periodicity
along this direction and a uniform displacement in the radial
direction for all nodes on the outer surface of mineralized
collagen fibril. From the simulation results, the overall elas-
tic Young’s modulus and local stress fields of the composite
and its phases are calculated, for various material properties
and micro-geometries.

3.3 Material parameters

There is a wide range of parameter values connecting the
structure of the mineralized collagen fibril for bones from

Fig. 6 Mesh samples of the FEM model used in ABAQUS. a 2-D
models; b 3-D models (The red outlined regions indicate the location
of the mineral plates)

different animals or from different anatomical locations
within a given animal. Due to the periodicity of our model in
the axial direction, the length of the model is constant at 67
nm. From the literature, there are wide ranges for the other
structural parameters: the radius of the mineralized colla-
gen fibril is 40–150 nm, the mineral plates are 15–150 nm
in length, 10–80 nm in width and 2–7 nm in thickness, and
the distance between the neighboring plates is on the same
order of the thickness (Lowenstam and Weiner 1989; Rubin
et al. 2003). To focus on the effects of the size of the min-
eral plates, we fix the radius of the mineralized collagen
fibril as 100 nm. To further reduce the complexity, we use
the most commonly cited value of 25 nm for the width of the
mineral plates (Lowenstam and Weiner 1989), leaving the
other two dimensions as variables. Therefore, three struc-
tural parameters remain to be specified—the thickness of
the mineral plates, the length of the mineral plates and the
spacing between them. These parameters are linked by the
volume fraction of the mineral phase, which is an important
characteristic of bone and can be relatively easily measured
through various methods, for example, thermogravimetric
analysis (TGA) (Lozano et al. 2003). The volume fraction of
the mineral phase can also be calculated from the geometric
structure as the total volume of the mineral plates divided
by the volume of the collagen matrix cylinder; therefore, we
use the volume fraction to replace one of the above parame-
ters, and we choose the length of the mineral plates here. To
study geometric effects, here, we discuss the most common
range of these three parameters: plate thickness between 3
and 4.5 nm, distance between the plates between 2 and 4.5
nm and volume fraction between 30 and 48% (Lowenstam
and Weiner 1989).
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In addition to the structural parameters, the intrinsic prop-
erties of the two phases are also variables in our model. For
the elastic properties of interest here, the most important val-
ues are the Young’s moduli and Poisson’s ratios of the two
phases. Poisson’s ratios of mineral and collagen phases are
reported as 0.28 (Gilmore and Katz 1982, deduced from the
measurements of elastic wave velocities) and 0.25 (Akiva
et al. 1998; Jäger and Fratzl 2000, the “effective” value that
simplifies nonlinear and anisotropic properties of collagen),
respectively. For Young’s modulus of the mineral phase, val-
ues are typically cited within the range between 100 and 150
GPa (Gilmore and Katz 1982; Koch et al. 2007). It is noted
that all these values are measured from artificial bulk crystal-
line hydroxyapatite samples. The difference between these
values (Gilmore and Katz 1982; Koch et al. 2007; Vincent
1990) and the modulus value for the natural mineral nano-
plates in bone will be discussed later. For the Young’s mod-
ulus of collagen phase, literature reports a range from 0.8 to
1.5 GPa (Gupta et al. 2005b; Heim et al. 2006; Meyers et al.
2008).

In addition to the three structural and two material
property parameters, the effect of approximations to the mor-
phology is also considered. Considering different structural
complexities are very important, as it provides insight to the
evolution of the complex, hierarchical structure, as well as
indicates the level of refinement of the model required for
predictive accuracy. Four RVEs are selected (seen in Fig. 7):
(a) a simple 2-D periodic structure; (b) 2-D half-symmetric
structure (still 2-D but without the periodic boundary con-
dition in radial direction); (c) 3-D axial symmetric structure
(extending the structure (b) to 3-D but considering the min-
eral phase as a continuous cylindrical annuli, without discret-
izing the plates) and (d) the 3-D complex model illustrated
in Fig. 5.

3.4 Calculation of elastic properties

This study focuses on the elastic behavior of the mineralized
collagen fibril, therefore small loads are applied in the FEM
model, excluding plasticity in both phases and bond rupture
or relative sliding on the interface between two phases.

To investigate how the elastic properties of the mineralized
collagen fibril depend on the structural and material param-
eters mentioned previously, we choose two target values for
the simulation. These are the apparent moduli of the collagen
phase and the mineral phase, which are defined as the total
applied stress σapp divided by the average strain in the col-
lagen phase εcoll and in the mineral phase εmin, respectively,
i.e.,

Eapparent
collagen = σapp

/
εcoll (1)

Eapparent
mineral = σapp

/
εmin (2)

Fig. 7 Four RVEs used to approximate the mineralized collagen fibril
geometry (mineral phases are shown in gray color): a 2-D periodic
structure (as in the Jäger and Fratzl 2000); b 2-D half-symmetric struc-
ture (with the consideration of boundary effect in radial direction); c
3-D axial symmetric structure (extending the structure b to 3-D but
without considering individual platelets for the mineral phase); d the
3-D complex model (as also illustrated in Fig. 5)

These two target values are chosen so that the simula-
tion can be compared directly with values measured from
the synchrotron X-ray scattering experiments, which report
average strains in the collagen phase (by SAXS) and in the
mineral phase (by WAXS) (Almer and Stock 2007; Gupta
et al. 2005a). Thus we will use ESAXS and EWAXS to rep-
resent the apparent moduli of collagen phase and mineral
phase, respectively. These apparent moduli naturally differ
from the moduli of the respective pure materials, as they
account for the interaction between two phases. Therefore,
Eapparent

collagen is much larger than the modulus of pure collagen

while Eapparent
mineral is smaller than the modulus of pure hydroxy-

apatite, as shown later in the Sect. 4.
The average strain in the collagen phase represents the

deformation within the axial distance between one mineral
plate and the neighboring one, which is approximately 67 nm.
In our model, this distance is BE in Fig. 8a (using the 2-D peri-
odic diagram for clarity). Because of symmetry, the defor-
mation in region AB is the same as region DE; therefore, we
can use deformation of the region AD to calculate the average
strain in the collagen phase. The average strain in the min-
eral phase measured by the experiment is the average strain of
the mineral lattice, which is equal to the average strain of the
mineral plates, which is region BF in Fig. 8a. Again, because
of the symmetry, we can calculate deformation in region BD
instead of BF. Therefore, the apparent moduli in both phases
can be calculated in one period of the mineralized collagen
fibril (the upper half region AD in Fig. 8a with D = 67 nm).
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Fig. 8 2-D periodic sketch showing the regions in the model corre-
sponding to SAXS and WAXS measurement. a Due to the periodic
boundary condition, the simulation can be processed in one period—
the deformation within region AD is used for ESAXS and deformation
within region BD is used for EWAXS. b Within one period, the periodic
boundary condition can make the calculation even simpler—lower sur-
face DJ is fixed, the average displacements of surfaces AH and BI are
sufficient

Figure 8b shows the model reduced to only one period,
and this is the same as the model we use here for the simplest
2D FEM simulation. Because of the periodic and symmetric
boundary condition in the axial direction, all points on the
upper surface AH have the same displacement, and surface
DJ is fixed. Therefore, for the small deformation within the
elastic range, the strain in the collagen phase can be cal-
culated as displacement of surface AH (dAH) divided by
the length between AH and DJ (lAD), which is equal to the
period 67nm. Similarly, to obtain the average strain in the
mineral phase, only the average displacement of the surface
BI (dBI) after loading is required, divided by the original
length between BI and DK (lBD). Thus, the equations to cal-
culate the ESAXS and EWAXS from the FEM model are as
follows:

Eapparent
collagen = ESAXS = σapp/(dAH/ lAD) (3)

Eapparent
mineral = EWAXS = σapp/(dBI/ lBD) (4)

We note that Eq. 4 gives results identical to those obtained
by integrating the strains element by element, e.g.

EWAXS = σapp

(∑
i εi

Ni

)−1

(5)

where i sums over all elements in BDKI and Ni is the number
of elements in BKDI. Therefore, we use Eqs. 3 and 4 in the
later study for simplicity.

4 Results

In this section, we report FEM simulations of the four dif-
ferent structural representations of the mineralized collagen
fibril (shown in Fig. 7), considering variation in the material
parameters. Results are also validated against experimental
data.

4.1 Parametric study

The values of the apparent moduli of the collagen and mineral
phases are calculated to show the dependence of the elastic
properties of the mineralized collagen fibril on the parameters
within the ranges mentioned previously. Only one variable is
considered at a time, assuming that the interactions between
the parameters are negligible within the ranges considered.
The range and standard parameter values are shown in Table 1
(Lowenstam and Weiner 1989). To show the influence of each
parameter on the elastic properties of the mineralized colla-
gen fibril, we choose four values for each parameter while
holding the other parameters constant at their standard values
and calculate the values of the apparent moduli of collagen
phase and mineral phase.

For the four structural models of the mineralized colla-
gen fibril (Fig. 7), the calculated apparent moduli are shown
in Fig. 9. From Fig. 9a and the values of the coefficients
of the variation (CV) listed in Table 1, which are defined
as the standard deviation of the predicted values divided by
the average of those values as the parameter is varied, sur-
prisingly we find very little influence on apparent moduli
when we change the complexity of the structure, the level of

Table 1 Parameter ranges used in predictions by the mineralized collagen fibril models to determine the elastic properties (Lowenstam and Weiner
1989)

Parameter Structure Ecollagen (GPa) Emineral (GPa) Volume fraction Distance of min-
eral plates (nm)

Thickness of min-
eral plates (nm)

Range 4 RVEs 0.8–1.5 100–150 30–48% 2–4.5 3–4.5

Standard value 2-D periodic 1 130 42% 3.5 3.5

CVcollagen 0.0254 0.115 0.0971 0.333 0.0338 0.112

CVmineral 0.0309 0.00418 0.172 0.192 0.00583 0.00172

Coefficients of the variation (CV) are also shown for the predicted moduli under change of each individual parameter within its range
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Fig. 9 Dependence of apparent
moduli of the collagen phase
ESAXS and mineral phase
EWAXS on material and
structural parameters. Predicted
apparent moduli as a function of
a complexity of structure (level
of structural detail contained in
the RVE); b Young’s modulus of
collagen phase; c Young’s
modulus of mineral phase;
d volume fraction of mineral
phase; e distance between
mineral plates; f thickness of
mineral plates

structural detail in the RVE. However, the present calculation
is limited to the elastic properties of bone at the mineralized
collagen fibril level; the influence of the complex structure
may be more important in the time-dependent mechanical
properties of bone (Puxkandl et al. 2002) and in larger scale
deformations.

Because increasing the structural complexity of the RVE
does not lead to significant changes in the predicted appar-
ent phase moduli, the 2-D periodic structure is used for the
remaining simulations to optimize the modeling efficiency.
The CV values for different varying parameters are shown in
Table 1.

From the results in Fig. 9 and Table 1, we conclude that (1)
the complexity of the structure and the distance between the
mineral plates are not critical parameters for either apparent
modulus while the volume fraction of the mineral phase is

the most influential parameter; (2) except for changes in the
Young’s modulus of the mineral phase, the apparent modulus
of the mineral phase is less sensitive to parameter changes
than the apparent modulus of the collagen phase: the Young’s
modulus of the collagen phase and the thickness of the min-
eral plates even do not contribute significantly to EWAXS

changes; (3) for the appreciable changes, the apparent mod-
uli monotonically increase as the parameter values increase,
except for an inverse relationship between apparent modulus
of collagen phase and the thickness of the mineral plates.

4.2 Model validation

To verify our mineralized collagen fibril model, we com-
pare our simulation results with experimental data obtained
from SAXS and WAXS measurements on a sample of canine
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Fig. 10 Average strains measured in mineral phase (from 00.4 and
22.2 reflections, WAXS) and in collagen phase (D-period, SAXS) as a
function of applied stress on a sample from a canine fibula. Slopes are
the apparent moduli of each phase (data from Fig. 2 in Almer and Stock
2007)

fibula (Almer and Stock 2007). The relevant data are plot-
ted in Fig. 10, where the slopes of the lines represent the
corresponding apparent phase moduli. Because the structural
details of this particular canine fibula sample at the nanostruc-
ture level are uncertain, we make the following assumptions:
we use the average values (for structural parameters, except
volume fraction of mineral plates) or the most accepted val-
ues (for elastic property parameters) as the standard values
here. These values are the same as the standard values in
Table 1, with the exception that we use both the 2-D sim-
ple periodic and 3-D complex structural models (seen in
Fig. 7) and use 114 GPa as Young’s modulus of mineral
phase (Gilmore and Katz 1982). Therefore, the only unde-
cided parameter is the volume fraction of the mineral phase.

Because the volume fraction of the mineral phase is the
most important factor for the elastic properties of the mineral-
ized collagen fibril as shown earlier, we measured this param-
eter using the TGA technique in a Mettler Toledo TGA/SDTA
851e Thermogravimetric Analyzer. The measurement was
performed on three small samples that were cut from the
different locations of the same fibula which are near the syn-
chrotron X-ray data gathering area. The weight of the samples
ranged from 3 to 7 mg and samples were heated from 25 to
650◦C at a rate of 10◦C/ min. After reaching 650◦C, tempera-
ture was held constant for 5 min. The weight fraction of water

and collagen were determined from the accumulated weight
loss between 20 and 225◦C and between 225 and 650◦C,
respectively, and converted to volume fraction by using den-
sities of 1 g/cm3 for water, 3.153 g/cm3 for hydroxyapatite
and 1.343 g/cm3 for collagen (Fels 1964; Hoffmann et al.
2003). Assuming all the mineral phase is in the mineral-
ized collagen fibril (extra-fibrillar mineral phase is discussed
later), the volume fraction of the mineral phase in the miner-
alized collagen fibril obtained from the TGA measurement
is 36.8%, which is then used in the FEM simulation with 2-D
simple periodic and 3-D complex structural models (Fig. 7).

The detailed results comparing the experimental results,
using a mineral phase volume fraction of 36.8%, are listed
in Table 2. It is apparent that the 2-D simple periodic and
the 3-D complex simulation values are both very close to
the experimental values. Possible explanations for the dif-
ferences will be discussed further in the next section. From
Fig. 10, it is clear that the mineral phase has approximately
0.1% residual strain in the unstressed state (Almer and Stock
2007). To determine if this residual strain has an impact on
the modulus data, a residual strain is introduced into the sim-
ulation by a pre-deformation of the mineral beyond its elas-
tic limit such that upon unloading the residual strain of the
mineral is 0.1%. Using a model with pre-deformed mineral
plates, the simulations are re-run to obtain new values of
ESAXS and EWAXS. The results shown in Table 2 are very
similar to those without residual strain. This result is encour-
aging because studies show that while residual strain in bone
may influence the strength of bone, it has little impact on
its stiffness (Almer and Stock 2007). With the reasonable
match of apparent phase moduli values in both prestrained
and unprestrained conditions, the proposed mineralized col-
lagen fibril models based on a finite element RVE struc-
ture satisfactorily captures the elastic properties at the nano-
scale.

5 Discussion

In the previous section, the simulation of elastic properties
with the finite element RVE models provided satisfactory
agreement with experimental data. However, these results
are based on three major simplifications: (1) the modulus of

Table 2 Comparison of elastic
properties between experimental
results (Almer and Stock 2007)
and simulation results

a Average value using (004) and
(222) reflections

Prestrain ESAXS (GPa) EWAXS (GPa) ESAXS/EWAXS

Experiment 0.1% 18.3 40.9a 0.447

Simulation-2D 0 19.1 40.6 0.470

Simulation-2D 0.1% 19.2 40.6 0.473

Simulation-3D 0 20.5 43.7 0.469

Simulation-3D 0.1% 20.5 43.7 0.469
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the mineral phase is assumed to be the same as that measured
on bulk crystalline hydroxyapatite, (2) the water and collagen
phases are combined into a single matrix phase, and (3) the
higher hierarchical levels of bone structure are ignored. Here,
we will discuss the effect of water on the elastic properties of
mineralized collagen fibril and how the difference between
the properties of bulk hydroxyapatite and natural hydroxyap-
atite as found in bone could influence the elastic properties
of mineralized collagen fibril. Finally, the influence of the
other structural complexities including higher hierarchical
levels on the elastic properties of mineralized collagen fibril
is discussed and the methods for implementation are sug-
gested.

5.1 Mineral modulus effect

In the above work, we use elastic properties of the mineral
phase obtained from measurements on bulk single crystal
hydroxyapatite: bulk single crystal hydroxyapatite is nearly
isotropic, with a modulus of 114 GPa and Poisson’s ratio of
0.28 (Gilmore and Katz 1982). Although these values are
widely accepted in the bone modeling community and are
often used to represent the elastic properties of the mineral
phase in the mineralized collagen fibril, the nanocrystalline
form of the mineral phase in the mineralized collagen fibril is
significantly different from the bulk single crystal hydroxy-
apatite.

The mineral plates in natural mineralized collagen fibrils
are very thin, with thicknesses in most cases <5 nm. Such
narrow plates imply that these nanocrystals are only eight
crystal lattices at most in the thickness direction of the min-
eral plate (Jokanovic et al. 2006). The resulting very large
surface area to volume ratio in these nanoplates indicates
that the interface layers between mineral plate and collagen
might play an important role in the mechanical properties.
Because the perfect periodic array of the crystal lattice is
truncated at the interface, the resulting surface reconstruc-
tion can propagate several interfacial atomic layers into the
solid and change the original bonding status from that of
the bulk material, thus changing the elastic properties of the
nanoplate (Chen et al. 2006; Cuenot et al. 2004). Therefore,
the mineral plates in bone can potentially be viewed as a
core-shell structure—the outside shell is the reconstructed
lattice structure and the inner core is composed of a perfect
crystal lattice structure which has the same properties as the
corresponding bulk material.

TEM studies showed that the outer layer of the mineral
plates consists of amorphous domains of mineral (Olszta
et al. 2007; Rho et al. 1998) and that the thickness of the
amorphous layer in the mineral phase could be about 1 nm
(Bertinetti et al. 2007). For mineral plates with a thickness
of 3.5 nm (standard value in Table 1), the volume fraction
of the amorphous phase could therefore be as much as 60%.

The existence of amorphous hydroxyapatite may lower the
average modulus of the mineral plate, because the Young’s
modulus of amorphous hydroxyapatite is significantly less
than that of the fully crystalline phase; one study measured a
value of 80 GPa for amorphous hydroxyapatite (Koch et al.
2007). Employing the rule of mixtures (isostrain condition)
to simply evaluate the modulus of such a core-shell struc-
tured mineral phase, the overall modulus for the mineral
plate would be lowered to 95 GPa. 3-D simulations per-
formed using this lower value for the modulus of the mineral
phase yields apparent moduli of 19.8 and 39.6 GPa for ESAXS

and EWAXS, respectively. These values are even closer to the
experimentally measured values in Table 2, indicating that
this mechanism may be important to capture in the simula-
tions.

5.2 Water effect

Water is the third major component in bone and occupies
about 10–25% of the bone mass (Currey 2003). The TGA
results show that the average weight fraction of water is
12.9% in our canine fibula samples. Water in bone may exist
in three different forms: free water in pores, bound water
in the collagen network (including collagen-mineral inter-
face) and tightly bound water in the mineral phase (Wang
and Puram 2004). The free water in the pores of cancellous
bone is outside the scale of study (cortical bone in nano-
scale), so the free water portion is not relevant for this study.
Water in the mineral phase is tightly bound and exists at
relatively low percentage and thus can also be neglected
(Lowenstam and Weiner 1989). However, the bound water
in the collagen network may have significant influence on
its nanoscale Young’s modulus. Because the current model
does not account for fluid-solid interaction, the water phase
and the collagen phase are combined together into a single
matrix collagen phase in our model and the Young’s modulus
of this phase is taken as that of wet collagen matrix (Heim
et al. 2006; Meyers et al. 2008).

We note that the importance of water to determine
mechanical properties of bone : bones with different water
content display obvious differences in stiffness and strength
(Nyman et al. 2006; Smith and Walmsley 1959). Moreover,
to describe the time-dependent mechanical behavior of bone,
i.e., creep or fatigue, the contribution of the bound water
should be considered more carefully on several grounds: first,
the bound water in the collagen network will change the vis-
coelasticity of collagen phase dramatically (Sasaki and Enyo
1995; Yamashita et al. 2001); second, the bound water on the
mineral-collagen interface will change the interfacial bond-
ing properties (Knowles et al. 2007); third, water may migrate
and change its local distribution within the collagen matrix
in response to stress localization, consequently introducing
the non-uniform properties into the collagen phase.
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5.3 Additional structure complexities

In this study, we have focused on the elastic properties
of the mineralized collagen fibril and simplified bone as a
two-phase composite—mineral nanoplates aligned within a
collagen matrix. However, here we excluded two structural
complexities of bone which should be considered in studies
of more complex deformation: debonding of the collagen-
platelet interface and interfibrillar mineral.

First, as shown in the preliminary FEM results (Fig. 4),
significant stress concentration exists around the interface
between the mineral phase and collagen phase, which could
induce debonding on the interface. Some preliminary stud-
ies in this group show that the interfacial properties play
an important role for the time-dependent mechanical prop-
erties of bone. In the context of this paper, to understand
how the bond rupture could influence the elastic proper-
ties of mineralized collagen fibril, a static-kinetic friction
method was introduced into the model to simulate the perfect
bonding—debonding—rebonding process of the mineral-
collagen interface under loading (Knowles et al. 2007):
initially at small loads, the two phases are perfectly bonded;
as the stress increases, the kinetic friction criterion is satisfied
and interfacial bond rupture and sliding occurs; and finally,
during the unloading phase, the sliding ceases and ruptured
interfacial bonds rebond. By using this method, the apparent
moduli of two phases were recalculated. The results (from
2-D periodic model) show that both elastic moduli change
very little (<1%), indicating that interface bond rupture can
be ignored for the current study. However, this conclusion is
limited to the elastic properties of the mineralized collagen
fibril.

Second, as mentioned in the introduction, bone struc-
ture is hierarchical and has different structures at different
length scales. At next structural level (mineralized colla-
gen fibril bundle), mineralized collagen fibrils are almost
always arranged in arrays aligned along collagen fibrils’ axial
direction (Reid 1987; Weiner and Wagner 1998). Between
these mineralized collagen fibrils, there are proteoglycans
and other proteins formed as a matrix, which interconnect
the discrete mineralized collagen fibrils and assembles them
into mineralized collagen fibril arrays (Fratzl 2003; Puxkandl
et al. 2002). Importantly, mineral plates also form on the
surface of the mineralized collagen fibrils and in the inter-
fibrillar space (Olszta et al. 2007). These mineral nanocrys-
tals are called interfibrillar mineral. At least about 15% of
total mineral phase is believed to be of the interfibrillar type
(Martin et al. 1998). Therefore, the actual amount of the min-
eral inside the mineralized collagen fibril is smaller than the
TGA-measured total volume fraction of mineral phase of
bone.

To understand how the inclusion of interfibrillar mineral
content will influence the properties of microscopic bone (in

the order of synchrotron X-ray measurement area—about
50 by 50 µm), the current mineralized collagen fibril model
should be extended to a larger scale. A simple and possi-
ble way to further this study is to use a bottom-up modeling
method: creation of a three-phase composite: the proteogly-
can-rich proteinous matrix reinforced by aligned mineralized
collagen fibrils and distributed interfibrillar mineral.

6 Conclusions

The fundamental understanding of the mechanical behavior
of bone relies on a thorough understanding of the behav-
ior of the mineralized collagen fibrils, which are the basic
building block of bone. This article focuses on the relation-
ship between the structure and elastic properties of min-
eralized collagen fibril. Two- and three-dimensional FEM
models are created to represent the main structural charac-
teristics of mineralized collagen fibril, consisting of nano-
scale hydroxyapatite plates aligned in a collagen matrix, in
a RVE approach. By using FEM to simulate the mechanical
response of this model, we assess how major structural and
material properties parameters influence the elastic behav-
ior of the mineralized collagen fibril. The modeling results
are compared with published experimental data obtained by
synchrotron X-ray scattering technique, which measure the
spatially averaged apparent moduli of the collagen phase
and the mineral plates separately. The computational and
experimental results agree well, indicating the strength of
this numerical RVE approach. An important finding is that a
2-D RVE model is sufficient to understand elastic properties.
However the RVE must appropriately account for phase mor-
phology and accurately assess load transfer between phases,
as is accomplished in our simple 2-D unit cell simulated in
FEM. It was found that the most important parameter gov-
erning stiffness is the volume fraction of the mineral phase,
when considering parameter variations within the physically
valid ranges. Finally, the implications of partial amorphiza-
tion of the hydroxyapatite mineral plates are considered and
the effect of water on the elastic behavior of the mineral-
ized collagen fibril is discussed. The limitation of the current
model due to the exclusion of interfibrillar mineral content
is noted and future work is warranted to examine this issue
as well as interfacial bonding for elastic and inelastic defor-
mations.
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