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Abstract

A coupled thermo-mechanical finite-element model was developed to describe transformation-mismatch plasticity resulting from
mismatch stresses produced by allotropic particles within a creeping matrix. A composite consisting of a NiAl matrix with 10
vol.% zirconia allotropic particles was modeled in two dimensions for a range of externally-applied stress values. The
instantaneous composite strain developed during the zirconia transformation is found to increase linearly with the applied stress,
in agreement with continuum-mechanical, closed-form models for transformation-mismatch plasticity. This instantaneous strain
is smaller than the total strain accumulated over a half temperature cycle, indicating that mismatch stresses produced during the
transformation relax by matrix creep long after the particles have transformed. Also, the total composite strain calculated after
a full temperature cycle is in good agreement with strains determined experimentally on a NiAl–10% ZrO2 composite. Finally, the
internal stress distribution within the transforming composite is determined numerically and compared to simple analytical
averages. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

When a uniaxial stress is applied on a polycrystalline
material subjected to multiaxial internal stresses caused
by an allotropic phase transformation, a strain incre-
ment develops in the direction of the externally-applied
stress. This biasing phenomenon is called transforma-
tion-mismatch plasticity, or transformation-mismatch
superplasticity when strains in excess of 100% are ob-
tained through accumulation of individual strain incre-
ments each time a phase change occurs during thermal
cycling. This deformation mechanism has been experi-
mentally observed in pure metals and alloys [1,2], as
well as metal–matrix composites based on these metals
and alloys [3–6]. Recently, they were also observed in
an intermetallic alloy (super-�2 titanium aluminide)
cycled over its allotropic range [7]. In a previous exper-
imental article [8], we reported that transformation-mis-

match plasticity can be induced in the intermetallic
composite NiAl–ZrO2 through transformation of the
ceramic particulate reinforcement within the creeping,
non-transforming intermetallic matrix. Experimental re-
sults for different particle sizes, volume fractions and
thermal cycling characteristics were found to obey the
continuum mechanics model of Greenwood and John-
son [9] which can be expressed at small stresses as:
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where �� is the transformation-mismatch plasticity
strain increment after a phase transformation, � is the
applied stress, ��V/V � is the average internal volume
mismatch between the allotropic phases, �0 is the aver-
age internal stress of the creeping matrix, and n is the
stress exponent of the creep law describing the plastic
accommodation. Because Eq. (1) is only valid for sin-
gle-phase, allotropic materials undergoing a complete
phase transformation, an effective volume mismatch
(�V/V)eff was introduced in the case of the NiAl/ZrO2

composite as [8]:
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Table 1
Physical properties of ZrO2 and NiAl used in the numerical model

Ref. NiAlProperty Ref.ZrO2

[17]Density, � (g cm−3) 5.905.68 (monoclinic), 6.10 (tetragonal) [18]
Enthalpy, �H (J g−1) 48.0 [19] – –
Specific heat, Cp (J g−1 K−1) [20]0.63 0.64 (527 °C), 0.68 (727 °C)a [21]

[22] 14.5 (700 °C), 15.5 (1200 °C)6.92 [23]CTE, �20 °C (K−1)×106

1.7 (100 °C), 2.1 (1300 °C)Thermal conductivity, k (W cm−1 K−1) [17] 78.6 (600 °C), 73.2 (1200 °C) [24]
[19]Poisson’s ratio, � 0.326 (600 °C), 0.329 (1300 °C)0.27 [18]
[19] 199.8–0.04 T (K)303.8–0.108 T (K) [18]Young’s modulus, E (GPa)

a Assumed to remain at Cp=0.68 J g−1 K−1 up to T=1200 °C.
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Using this effective value in Eq. (1) takes into ac-
count that the only phase transforming in the com-
posite is the ZrO2 reinforcement with volume fraction
f and allotropic mismatch ��V/V � between its mono-
clinic (m) and tetragonal (t) phases. Other approxima-
tions in Ref. [8] included using a lower
transformation mismatch for the particle due to
porosity, neglecting thermal expansion mismatch, and
averaging strain increments and internal stresses over
a full thermal cycle encompassing two transforma-
tions at different temperatures.

As compared to the continuum model with the
above approximations, finite-element modeling allows
a much more detailed description of the spatial distri-
bution and temporal evolution of the internal stresses,
and of the macroscopic strain increment history dur-
ing the phase transformation. Ganghoffer et al. [10]
modeled transformation plasticity of steel (austenite–
pearlite) assuming a yielding, strain-hardening mate-
rial showing no creep. Two-dimensional (2D)
finite-element models were also used to investigate the
problem of plasticity induced by the formation of
martensite [11] or ferrite [12] within austenite. Finally,
Zhang et al. [13,14] studied the related phenomenon
of thermal mismatch plasticity in an Al–SiC com-
posite subjected to thermal cycling, where internal
stresses are produced by a mismatch in thermal ex-
pansion between the phases, rather than by an al-
lotropic volume change. Their plane–strain, 2D
model assumed an ideally plastic matrix with a mis-
match which was approximated by radially shifting
nodes at the reinforcement–matrix interface.

In the present paper, we use a coupled thermo-me-
chanical finite-element approach to model transforma-
tion-mismatch plasticity in the NiAl–ZrO2 system, for
which the intermetallic matrix is creeping and the ce-
ramic reinforcement is undergoing a phase transfor-
mation. We compare our numerical, 2D, plane–strain
results with experimental data presented in a previous
paper [8].

2. Model

The physical properties of ZrO2 and NiAl are pre-
sented in Table 1. The allotropic density change of
zirconia, ��V/V �, was modeled as a discrete non-lin-
earity of the thermal expansion ��L/L �= ��V/V �/3 at
the allotropic temperatures, as shown in Fig. 1. The
particles are thus assumed to be polycrystalline with
random texture, and to show only dilational strains
upon transformation. The phase transformation of
zirconia was assumed to take place within a tempera-
ture interval of �0.5 °C over which the transforma-
tion enthalpy is liberated or absorbed linearly. As
observed experimentally for NiAl/ZrO2 composites [8],
transformation temperatures were taken as Tm/t=
1076 °C on heating and at Tt/m=894 °C on cooling;
these values are lower than for unconstrained zirco-
nia, because of matrix constraints [8].

The stress dependence of the creep strain rate �� of
polycrystalline NiAl was described by a power-law:

�� =A exp
�

−
Q

RT
�

�n (3)

where the pre-exponential constant A=90 MPa−3.9,
the activation energy Q=318 kJ mol−1 and the
stress exponent n=3.9 were measured experimentally
[8], and where R and T are the gas constant and
temperature, respectively.

Fig. 1. Transformation hysteresis of zirconia used in model.
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Fig. 2. Finite-element mesh showing boundary conditions and me-
chanical and thermal loads.

caused by repeated transformations, the original, undis-
torted mesh was used as input geometry for each
segment. The composite strain was calculated as the
ratio of the upper a–a boundary displacement in the
y-direction to the length of the domain (arbitrarily set
to L0=252 �m).

A thermal cycle consisted of a heating segment fol-
lowed by a cooling segment. The heating segment re-
sulting from the applied square wave heat-flux was
implemented in three steps: (i) heating from the lower
cycle temperature Tl=700 °C to the phase transforma-
tion temperature Tp; (ii) transformation at Tp over a
temperature interval of �T=1 K; and (iii) heating
from Tp to the upper cycling temperature Tu=
1150 °C. Smaller temperature-, strain-, and time incre-
ments were used during the transformation (step (ii)).
The same three steps were repeated during the cooling
segment of the temperature cycle. A total of three
complete thermal cycles, each spanning 214 s, were
calculated to allow for dynamic equilibrium of stresses.
The initial stress state at the beginning of the first cycle
was different from that of the second cycle. However,
there was very little difference between the second and
the third cycle. Thus, the simulation was not carried
out past the third cycle, which was used to determine
the strain increment.

3. Results

Fig. 3a–d show the temperature history during a
temperature cycle, as measured at the upper left corner
of the domain (Fig. 2). Upon heating (Fig. 3a), the
temperature increases rapidly until the onset of the
phase transformation of the zirconia particle. During
the transformation which lasts about 0.5 s. (Fig. 3c),
some of the incoming heat is used for the transforma-
tion enthalpy of the particle, thus reducing the average
rate of heating. After completion of the transformation,
the final temperature increases again rapidly. Con-
versely, on cooling (Fig. 3b), the heat released by the
phase transformation reduces the rate of cooling until
completion of the transformation (Fig. 3d).

Fig. 4 shows the strain histories of the composite for
four different applied stress levels, as determined from
the deformation of the upper edge of the domain. The
initial elastic response of the composite is E=187 GPa
at T=700 °C, comparing well with E=161 GPa for
NiAl and E=199 GPa for pure zirconia at that tem-
perature (Table 1). The non-linearities at t=7 s and
t=113 s are caused, respectively, by the m/t and t/m
phase transformations. The thermal and allotropic ex-
pansion and contraction cancel over a full cycle, as
shown by the zero strain value at the end of the cycle
for �=0 MPa in Fig. 4. On the other hand, the strains
caused by the biasing of the internal mismatch stresses

Fig. 3. Temperature profiles on heating (a) and cooling (b) with
detailed views of the m/t (c) and t/m (d) transformation.

The finite-element code ABAQUS [15] was used with
four-node, plane–strain, coupled temperature-displace-
ment elements arranged in a domain shown in Fig. 2.
The lower left corner of the mesh is fixed in space and
the boundary conditions at the perimeter are set so that
the domain remains rectangular. The round zirconia
particle is modeled with 45 elements using multiple
point constraints for the five elements near the origin,
while the NiAl matrix is discretized with 160 elements.
Continuity is maintained at the matrix/particle inter-
face, which is thus assumed to be well-bonded at all
times. A radiative heat flux controlled by the applied
temperature profile in the form of a square wave (with
a lower temperature Tl and an upper temperature Tu) is
entering the domain along the b–b edge while a uniax-
ial stress is applied at the a–a boundary. The final
stress state at the end of each transformation (heating
or cooling) was used as the initial state for the succeed-
ing calculations, using a user-defined routine to transfer
the stresses. To minimize the distortions of the elements
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through the externally applied stress accumulate into an
irreversible plastic strain increment over a cycle, visible
as a strain offset at the end of the cycle for curves with
��0 MPa in Fig. 4.

This effect is illustrated more clearly in Fig. 5a,
where the strain history of Fig. 4 for �=0 MPa (which
consists only of reversible thermal and allotropic
strains) has been subtracted from the strain histories for
�=10, 20 and 30 MPa. The resulting differential curves
in Fig. 5a thus show only the irreversible plastic defor-
mation during cycling. During the heating part of the
cycle, a strain spike is observed upon the m/t transfor-
mation, followed by creep strain accumulation at Tu,
which increases with increasing stress. Upon subsequent
cooling, the strain spike due to the t/m transformation
is followed by a region of zero creep as the temperature
Te is too low for NiAl to deform appreciably. The total
strain increment after a full cycle thus consists of
contribution from both transformation-mismatch plas-
ticity and isothermal creep at Tu.

Fig. 5b shows details of the strain curves of Fig. 5a in
the vicinity of the phase transformation, which are
superimposed for both heating and cooling transforma-
tions for comparison purpose, with t=0 the start of the
heating or cooling segment. On cooling, a short interval
of creep accumulation (�6 s) precedes the strain spike
due to the t/m transformation. This strain spike is
followed by a 5-s interval where creep is faster than
before the transformation, despite the lower tempera-
ture. During this interval, allotropic mismatch stresses
are relaxing under the biasing effect of the applied
stress to produce the increased creep rate. Finally, the
creep rate becomes insignificant, as expected from
steady-state creep at this low temperature. On heating,
after approximately 7 s of creep, the m/t transformation
strain spike takes place, which is larger than the t/m

Fig. 5. (a) Plastic strain history from Fig. 4 (with strain history for 0
MPa subtracted) and (b) plastic strain history for the first 20 s. of
heating and cooling, showing the phase transformations.

Fig. 4. Strain histories of NiAl/10%ZrO2 composite at different
applied stresses.

strain spike on cooling. The spike is also followed by an
8-s interval where creep is faster than the steady-state
value at the maximum temperature, again due to the
biased relaxation of transformation mismatch stresses.
Finally, we note that for both heating and cooling, the
strain rate before the transformation spike is higher
than expected based only on steady-state creep (as can
also be seen in Fig. 5a). This phenomenon can be
explained by internal stresses produced by the thermal
expansion mismatch between matrix and particles, as
modeled by Zhang et al. [13,14] for thermally-cycled
Al–SiC composites. The plastic strains associated with
this phenomenon are however small as compared to
those induced by the allotropic transformation of the
particle.

The instantaneous composite strain occurring during
zirconia transformation is given by the difference be-
tween the maxima and minima of the strain spikes
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visible in Fig. 4. These instantaneous strains (as well as
their sum) are plotted as a function of the applied stress
in Fig. 6 for the t/m and m/t transformations. Fig. 6
shows linear relations for the m/t-transformation (with
slope d(��m/t)/d�=0.053 GPa−1) and the t/m transfor-
mation (with slope d(��t/m)/d�=0.015 GPa−1), which
have similar intercept magnitude of ��0,m/t= −0.305%
and ��0,t/m=0.299%, corresponding to the values ob-
tained for zero applied stress.

Fig. 7 shows contour plots of Mises equivalent ma-
trix stress before, during, and after the m/t phase
transformation on heating. The maximum matrix
equivalent stress found at the particle–matrix interface
just before the transformation is �=67 MPa (Fig. 7b);
this relatively high value is attributed to thermal expan-
sion mismatch during heating, which produces the en-
hanced strain rate described above. As the zirconia
particle shrinks during the m/t transformation, the
maximum stress rises (Fig. 7c,d) to finally reach a value
of �=240 MPa at the end of the transformation (Fig.
7e). Upon subsequent creep (Fig. 7f), the matrix
stresses relax and drop to values on the order of the
applied stress (�=10 MPa). Similar stress distributions
were obtained during cooling, but with higher maxi-
mum stresses (up to 800 MPa) because the matrix is
stronger at the lower transformation temperature.

Finally, Fig. 8 shows the isothermal creep strain rate
as a function of applied stress for unreinforced NiAl
and the NiAl–10vol.%ZrO2 composite at T=1150 °C.
For NiAl, plane–strain creep was simulated by using
4×4 plane–strain square elements with the same
boundary conditions as in Fig. 2. Isothermal creep rates
obtained analytically (Eq. (3)) and numerically are in
excellent agreement. The composite creep rate was de-
termined from the deformation rate at upper cycling

temperature Tu=1150 °C just before cooling occurred.
As qualitatively expected, the composite creeps more
slowly than the unreinforced matrix; the creep rate
difference is, however, very small, indicating that load
transfer from the creeping matrix to the elastic particles
is inefficient.

4. Discussion

4.1. Thermal beha�ior

The principal characteristics of the heating and cool-
ing curves (Fig. 3a–d) are compared to simple analyti-
cal predictions in the following. Similar to the Biot
number for conductive heat transport, a dimensionless
number can be defined for radiative heat transfer [16]:

M=
�B�T3x

k
(4)

where �B is the Stefan–Boltzmann constant, k is the
thermal conductivity, � is the absorbtivity (replaced by
emissivity � on cooling) and x is the thermal diffusion
distance (taken as the domain size for NiAl and the
particle radius for ZrO2). Assuming �=�=0.5 and
taking thermal properties of the matrix (Table 1), Eq.
(4) gives M values smaller than 0.01, i.e. no thermal
gradients are expected, so that ratchetting from macro-
scopic thermal gradients can be excluded as a deforma-
tion mechanism. The calculated temperature difference
between the center of the particle and the upper left
corner of the matrix domain is negligible outside the
transformation range and at most 1 K during the phase
transformation, consistent with the low values of M
predicted by Eq. (4).

Under isothermal conditions, energy balance can be
written as:

�CpV
dT
dt

= −S�B�(T4−T f
4) (5)

where � is the density, Cp the specific heat, V the
volume to be heated, S the surface area for heat
transfer and Tf the applied surface temperature. Solving
Eq. (5) for the initial condition T(t=0)=Ti gives an
analytical expression for the temperature history, from
which the time interval �tr to heat a material from an
initial temperature Ti to a temperature T can be found
as:

�tr=
�CpV

4S�B�T f
3

�
2 arctan

�Tf(T−Ti)
T f

2+TTi

n
+ ln

�(T+Tf)(Ti−Tf)
(T−Tf)(Ti+Tf)

n�
(6)

Given an applied temperature Tf=1150 °C, the time
interval to heat the domain from the initial temperature
of 700 °C to the beginning of the phase transformation

Fig. 6. Instantaneous strain increment after transformation as a
function of applied stress for the individual m/t and t/m transforma-
tion and the sum of both transformations
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Fig. 7. Mises equivalent matrix stress contours at different times before, during and after the transformation with a superimposed external stress
of 10 MPa in the vertical direction. Gray levels indicate approximately equidistant stress regions; maximum and minimum values are marked in
MPa units.

(1075.5 °C) is given by Eq. (6) as �tr1=7.0 s, which
compares well with the value found numerically �tr1=
7.1 s. Upon cooling from 1150 °C to the t/m phase
transformation temperature (894.5 °C), Eq. (6) predicts
�tr2=5.2 s, again in good agreement with the numeri-
cal result �tr2=5.3 s.

Under Newtonian conditions, the time interval �tp

needed to complete the phase transformation is:

�tp=
fV��H

S�B�(T f
4−Tp

4)
(7)

which is found by replacing in Eq. (5) the term Cp�t
with f�H (where f is the volume fraction of allotropic
material and �H its enthalpy of transformation) and

setting T=Tp (where Tp is the phase transformation
temperature). The transformation times defined by the
strain spikes in Fig. 4 are found as �tp,m/t=0.42 s and
�tp,t/m=0.39 s, close to the values of �tp,m/t=0.32 s
and �tp,t/m=0.26 s predicted by Eq. (7) using fV/S=
�R2/(4L0), i.e. assuming that heat enters along the b–b
edge of the matrix domain (Fig. 2). The numerical
values are expected to be higher than predicted analyti-
cally, as heat flow through the matrix is neglected.

4.2. Thermomechanical beha�ior

Fig. 6 displays the strain accumulated during the
time of the transformation upon heating and upon
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cooling defined by the spikes in Fig. 4 (points (c) and
(e) in Fig. 7 for heating). As expected, the intercepts for
zero applied stresses ���0,m/t�=0.305% and ��0,t/m=
0.299% are the same within numerical error, i.e. the
composite expands and contracts reversibly when no
external stress is applied. The magnitude of this strain,
��0=0.30%, can be compared to the composite effec-
tive volume mismatch given by Eq. (2) with f=0.1 as
(�V/V)eff=0.675%. The corresponding uniaxial expan-
sion or contraction are (�V/V)eff/3=0.225% for an
unconstrained material, and (�V/V)eff/2=0.338% for a
material fully constrained in one direction, as in our
plane–strain calculations. The slightly lower value of
��0=0.30% determined numerically indicates that
some small elastic strains are stored in the material. In

addition, internal stresses are caused by the CTE-mis-
match between the particle and the matrix. However,
the effect of these internal stresses is negligible because
the allotropic mismatch is much larger than the equiva-
lent volumetric CTE-mismatch, as shown in our earlier
article [8]. Finally, we note that the experimentally-de-
termined transformation strains (��L/L �=0.10–0.13%
[8]) are significantly smaller, most probably because
porosity allows for some free expansion and contrac-
tion of the particles during the transformation.

In Fig. 6, the slope of the strain increment vs. stress
lines on heating d(��m/t)/d�=0.053 GPa−1 is much
larger than on cooling d(��t/m)/d�=0.015 GPa−1. This
is expected, as the transformation temperature is higher
on heating (Tm/t=1076 °C) than on cooling (Tt/m=
894 °C), and thus more elastic strains are stored on
cooling, leading to lower plastic strains. Finally, the
slope of the total strain per cycle in Fig. 6 d(��m/t/m)/
d�=0.068 GPa−1 can be compared to the experimen-
tal value d(��)/d�=0.13–0.15 GPa−1, the
transformation-mismatch strain (without creep contri-
bution) accumulated over a complete cycle as measured
for a NiAl–10%ZrO2 composite [8]. Assuming that the
2D plane–strain model accurately describes the trans-
formation in the composite, the discrepancy of a factor
of two can again be justified with the argument that the
strain does not develop fully during the short time
when zirconia transforms (�tp=0.4 s), but that stored
transformation elastic strains relax under the biasing
effect of the external stress during the rest of the cycle.

To test this hypothesis, the calculated total strain
��tot accumulated over a full cycle (Fig. 4) is compared
in Fig. 9 with experimental data for NiAl–10%ZrO2

composites cycled between Tl=750 °C and Tu=
1150 °C [8] with applied heating/cooling ramps lasting
1 min and hold times of 1 min at Tl and Tu. Despite
minor differences in the heating/cooling profiles, the 2D
model predictions and the experimental data show sur-
prisingly good match with each other. The model pre-
dicts quite well both the initial slope d(��tot)/d� and the
non-linear deviation occurring at high applied stresses,
which corresponds to the onset of a significant contri-
bution of creep during the high-temperature section of
the cycle.

Finally, Fig. 10a,b show the effect upon the strain
increment of the two variables affecting the effective
mismatch (Eq. (2)): the volume fraction f (varied be-
tween 2.5 and 25 vol.% in Fig. 10a) and the transforma-
tion mismatch �V/V (varied between 2.5 and 7.5% in
Fig. 10b). In Fig. 10a,b, both the instantaneous strain
increment accumulated during the transformations
��m/t/m and the total strain increment accumulated over
the whole cycle ��tot are plotted. In good agreement
with Eqs. (1) and (2), the strain increments are linearly
proportional to both variables f and ��V/V � (the proba-
ble cause for deviations observed for f�20 vol.% is the

Fig. 8. Isothermal steady-state creep rate as a function of the applied
stress at the upper cycling temperature of NiAl and a NiAl–10%ZrO2

composite.

Fig. 9. Strain increment per cycle calculated numerically and mea-
sured experimentally [8] for a NiAl–10%ZrO2 composite.
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Fig. 10. Total strain increment per cycle and instantaneous strain
increment as a function of (a) ZrO2 volume fraction f at constant
�V/V=7.5% and (b) ZrO2 volume mismatch �V/V at constant
volume fraction f=10 vol.%.

ranges of internal stresses given by Eqs. (1) and (8)
(42–142 MPa on heating and 104–449 MPa on cool-
ing) correspond to averages over the whole matrix
volume stress and over the complete relaxation time.
While they are thus not directly comparable to the
instantaneous internal stresses determined numerically,
these average values obtained from Eqs. (1) and (8) are
of similar magnitude as those found by finite-element
modeling in Fig. 7c–e.

5. Conclusions

Transformation-mismatch plasticity (resulting from
the biasing by an external stress of internal mismatch
stresses produced by an allotropic transformation) was
modeled numerically for a NiAl–10%ZrO2 composite,
where the ceramic reinforcement is allotropic and the
intermetallic matrix deforms by creep. The two-dimen-
sional, plane–strain, finite-element model provides the
following insights.

(a) The coupled thermo-mechanical formulation cap-
tures the temperature history expected for a transform-
ing composite without thermal gradients.

(b) The composite strain developed over the short
time interval (�0.4 s) where the zirconia particles
undergo their phase transformation and produce high
internal stresses is found to increase linearly with the
applied stress, in qualitative agreement with the analyt-
ical expression developed by Greenwood and Johnson
[9] for transformation-mismatch plasticity. Composite
strain is found to accumulate even after the end of the
transformation, as the decay of mismatch stresses is
slower than the transformation.

(c) The total composite strain accumulated over a
full temperature cycle increases linearly with stress for
low stress values, as expected for transformation-mis-
match plasticity, but becomes non-linear at high
stresses because of the contribution of isothermal creep.
The numerical predictions are in good agreement with
experimental data in both the linear and non-linear
regions, despite the simplifications used in the model.

(d) The internal matrix stress distribution was com-
puted before, during, and after the phase transforma-
tion. Large internal stresses are produced during the
phase transformation, in general agreement with aver-
age values determined analytically. Significant internal
mismatch stresses still exist at the end of the phase
transformation, as expected from the observation that
strain accumulates even after the transformation ends.
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(8) yields upper bounds for the internal stresses �0,m/t=
142 MPa and �0,t/m=449 MPa. The rather broad
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